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1 Review of Probability Theory

1.1 Probability Models

Probability Model  or probability experiment consists of:
Sample Space ) set of possible outcomes, all sample points w
Event E subset of the sample space, has a probability
Rule assigns probabilities to events
Axioms of Probability  are three restrictions:
1. probability of each event lies between 0 and 1
2. probability of the sample space is 1
3. Pr(U;E) = Y, Pr(E) union of any sequence of disjoint events E;
— Pr(A°) =1 -Pr(A)
— Pr(A U B) = Pr(A) + Pr(B) — Pr(AB)
Complementary Event E° set of all sample points not in E

1.2 Conditional Probabilities
Conditional Probability  of A, conditional on B

Pr(AB)
Pr(B)

Pr(A|B) =

— Pr(A|B) Pr(B) = Pr(B|A) Pr(A)
Independent A and B are independent iff

Pr(AB) = Pr(A) - Pr(B) = Pr(A|B) = Pr(A)

e In general: independent = uncorrelated
Uncorrelated  Cov[X, Y] = E[(X - X)(Y = )| =0
Conditionally Independent  given C

Pr(AB|C) = Pr(A|C) Pr(BIC)

1.3 Random Variables

Random Variable X function w € Q —» R
complex random variable: w € Q — C
vector random variable: w € Q — R”
Continuous Random Variable  has a finite density

Defective Random Variable X there is a set of sampling points of positive probability

for which the mapping is either undefined or defined to be +oo.
Discrete Random Variable  has a finite number of possible outcomes.
{Px(x;)} is called the probability mass function of X.
Distribution Function  Fx(x) of the random variable X

Fx(x) =Pr(X < x) = Pr(fw € Q| X(w) < x})

Events with zero probability have no effect on Fy.

< Pr(B|A) = Pr(B)
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Probability Density ~ fx(x) of X

a X
fx(x) = ﬁFx(X) — Fx(x) = f fx(t) dt
0
Joint Distribution Function of n random variables X;

FXl ..... Xn(xl/- . ~/xn) = Pr(Xl <Xxy,.. -/Xn < xn)
F(xy,...,x,) = HPr(X,» <x) & Xj,..., X, are independent
i=1
Joint Probability Density

O"F(x1,...,%,)

foras e x) = Xy ...0%x,

Joint PMF
PI'(Xl =x1,..., X, = xn)
1.4 Expectations

Expected Value or the mean
E[X] :i:f x - fx(x) dx

= i‘x-Pr(x)

= f [1—Fx(x)] dx wenn Fy(x) =0 fiirx <0
0

Variance %
Var(X) = 0% =E[(X - X?] = E[x*] - X’
Standard Deviation o¢x square root of the variance
Sp=X1+Xo+---+ X,
E[S,] =E[Xi]+E[Xo] +--- + E[X,]
Uéﬂ = Z?:l Gii
E [H?ﬂ Xi] = H?:l E[Xi]

whether or not X; are independent
for independent X;

for independent X;

S. Ryffel

1.5 Random Variables as Functions of Random Variables
Y = g(X) for a monotonic g
= Fx(x) = Fy(g(x)) Fy(y) = Fx(g7'(v))
= f) = gOFEE)  frly) = S5

. FCa )
= fAly) = 28D o= det(] 1 (y) - x(87y))
det(mg*l(y))
%(x) %(x)
with J,(x) = : :
‘;%’(x) j%j(x)

Z=X+Y  for Xand Y independent
= Fz(2) = [ Fx(z =) dFy(y) = [ Fy(z = 2) dFx(@)
= f2@) = [ G- i) dy = [ iz = 0)fx(x) dx

1.6 Transforms

Moment Generating Function (MGF)  of a random variable X

gx(N=E [e’x] = j_w €™ dFx(x)

If gx(r) exists in a region of real r around 0, then:

7" . 7"
gx(r) = f x"e™ dFx(x) ; 8x(r)

- E[X"]
r=0

ort ort

S=2X;+ X, + -+ X, is a sum of independent random variables, then:

gs() =E[e®] = [ ] 8x(
i=1

Characteristic Function  of a random variable X is the inverse Fourier transform of the

density function
E [ef‘”] = f e/ dFx(x)

1.7 Basic Inequalities

Markov inequality  (is typically very weak)

Pr(Y > y) < ElY]
Y

Chebyshev inequality

O-é
Pr(Z-E[Z] > &) = =
&

Exponential bound or Chernoff bound. Can be optimized over r to get the strongest
bounds

Pr(Z > a) < gz(r) exp(—ra) forr>0
Pr(Z < a) < gz(r) exp(-ra) forr<0
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1.8 Complex Random Variables

Expectation E[C] = E[R(C)] + E[J(C)] and E [|CP| = E[(R(O)?] + E[(J(O)]
Variance Var(C) = E[|C - E[C]] = E[ICP] - [E[C]P

1.9 Table of Standard Random Variables

Name Density Mean Variance MGF
Exponential Aexp(—Ax); x>0 3 5 i
Rayleigh % exp (—%) of £n g2

Erlang W; x>0 z x5 (ﬁ)n
Gaussian . 12n exp ("(;2”)2) a o? exp(ra + 1262 /2)
Uniform 1 0<x<a g % %
Name PMF Mean Variance MGF
Bernoulli Pry(0)=1-p; Pry(1)=p p p(1-p) 1-p+pe
Binomial qemPA=pf 0<k<n  kp o kp(l-p)  (L-p+pe)
Geometric (I-pp"; nz=0 i s 11_%
Poisson Nlexﬂ#; nx0 A A exp[A(e” — 1)]

Table 1: Table of Standard Random Variables

2 The Inner Product — a First Glimpse

2.1 The Inner Product

(&hy = [ 8 dt i
= [ R(geme o) dt +i [~ 3(gler®) dt

inner Product

Hg”2 =(g, 9 = f:o |g(l‘)|2 dt energy of a complex signal
Properties  of the inner product, valid if all functions are of finite energy.
(§hy =(hg)y
(ag,hy = a(g,h)
(g ahy =a'(g,h)
(§1+ 82, 1)  =(g1,h)+(g2,h)

S. Ryffel

2.2 Integrating a Complex Signal

[s®dt = [Rig®) di +i [ I(g(t) dt
Jgydt =([sar)

R([s® dt; = [R(g(t) dt

I([gdt) = [I(gt)dt

{ lgh)] dt = [|g®)]- o) dt

[sht) dt| < [|gth)| dt

Integrable  g(-) is called integrable iff

I |g(t)| dt < oo

2.3 The Cauchy-Schwarz Inequality

For ||g ,IAl| < oo:

[Kg, )| < [l3]| - il

Equality holds for two functions that are £, indistinguishable from a scaled version of each
other: g=a-h

3 Convolutions and Filters
3.1 The Definition of the Convolution

(x % h)(t) = f ) X(Oh(t - 7) dt

If x and & are both of finite energy and if one of them is also integrable, then x x & is a finite
energy signal.

Properties of the Convolution

xxh =hxx x,h e L1(R)
(xxg)xh =xx(gxh) x,8h € Li(R)
x*k(g+h) =x*xg+xkh x,8,h e Li(R)
x* (ag+ph) =alxxg)+p(x*xh) x,8h € Li(R)
Graphic Convolution  of g(t) = f x h

1. Mirror h(t) — h(—t)
2. Shift h(—t) fromt = —coto t = o0
3. The value of (f % h) at position ¢ is the multiplication of the areas of f(-) and h(- — ).
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3.2 Filter

Stable Filter (BIBO) The impulse response h of the filter is integrable.
Causal Filter h(t) = 0 for t < 0.

3.3 The Matched Filter

Matched Filter for the complex waveform g(-) is
gt =g (=)
Inner Product via Matched Filtering

(u,v) = (u * 0)(0)

f ) u(t)o" (t — to) dt = (u * 9)(to)

3.4 The Unit-Gain ldeal Low-Pass Filter

_ [ 2w, il ift#0
LPFw.(t) = { 2W, ift=0
=2W, - sinc(2W.t)
sin(nté) .
. _ “rE if (S * 0
sinc(§) = 1 =0 {eR

LPEy(f) =1I{|f| < W}

x % LPFy « LPFy = x * LPFy

w
X * LPFy = f 2(f)e?t df
-w
e The impulse response is not an integrable function and thus not stable.
e The impulse response is however of finite energy.
3.5 The Unit-Gain Ideal Band-Pass Filter
Of bandwidth W around the carrier frequency f., where f, > W/2 > 0.

BPFyf (t) = 2W - cos(27tf.t) - sinc(Wt)

— 2R (LPFW(t)eiZT(fcf)
BPFu(f) = I{|lf] - £ < Wi2)

This filter is too non-stable and non-causal.

between the energy limited functions u and v.

S. Ryffel

3.6 Mathematical Notes on  £,(R)
g(t) isin L,(R), iff

00 00 1/p
f lst)f dt<eo = ”g(t)”p = (I s dt)

g(t)is in L. (R), iff there exists a constant M such that |g(t)| <M VteR.
Forh € £1(R) and x € £,(R):

7 % xll, < |IAll; - ”g”,,

4 The Frequency Response of Filters and Bandlimited Signals

4.1 Review of the Fourier Transform

Fourier Transform

2(f) = f ) x(Be 2t dt

)

Inverse Fourier Transform .
x(t) = f 2(f)e* It df
If the signals x and y are of finite energy, then
= (3,9
= 1%l

= [T 1P dt

Parseval's Theorem

(v, y)

[l

[P dt

Properties of the Fourier Transform (see table [2)
e Symmetries:
2(=f) =%(f) = x is a real signal
% is conjugate symmetric
2=f)=-2(f) = x is a imaginary signal

% is conjugate anti-symmetric

o X=% Therefore if &(—t) = —&(t) Yt and &(-) = n(-), then A(-) = £().
e If two integrable functions have the same Fourier Transform, then they are indistinguish-
able.
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Property X b 4.2 On Brickwalls and Sincs
linearit ax + ax + B
time sh);fting x(t - foy) eiznftofgc) 0-sinc(at) and B- I{|f| < )/}
frequency shifting ety (t) (f - fo) are Fourier pairs, iff
conjugation x'(t) 2(=f) o =298
scaling x(at) ﬁf(é) a =2y
convolution in time Xy 2(HH) or
multiplication in time x(t)y(t) 2x B = 5
real part R(x(t) L3+ 1x(H y =3
%(x(t) + x*(—t)) RE&(f) One can derive it from the Inverse Fourier Transform of the Brickwall function.
imaginary part F(x(t) FIR(f) + 32°(—f)
%(x(t) - x*(—t)) i3&(f)) 4.3 The Frequency Response of a Filter
derivative in time % (2mif)"x(f) xandh Sxxh
multiplication by ¢ tx(t) i% %ﬁ(f ) both integrable — integrable
cosine cos(27 fyt) %(5()’ + fo) + o(f - fo)) one integrable — of finite energy
sine sin(27 fot) %z’(é(f +fo) - o(f — fo)) other of finite energy

xy(f) = 2(f) - 9(f)
Frequency Response is the Fourier Transform of the Impulse Response. If the Impulse
Response is either integrable or of finite energy.

Table 2: Properties of the Fourier Transform

T T e e
4.4 Low Pass Filtering and Bandlimited Signals
08 4.4.1 Energy-Limited Signals

Energy Limited Bandlimited Signals x(+) € L>(R) is bandlimited to W Hz iff

0.6 (@ "x(-) is unaltered by the LPF,,:"

W
0.4 (x x LPFy)(t) = x(t), teR = x(f) = f (et df
-w

(b) Equivalent definition for bandlimited functions in £,(IR):
If x € £5(IR) is bandlimited to W Hz then it can be expressed in the form

0.2

0.0

W
x(t) = f (e af

-0.2 —
TN R N FETEE FETTE FRTRY SRUEE FRRT FRUl FRRTE FRATL SR where g satisfies
6 5 4 3 2 1 0 1 2 3 4 5 6 fw|g(f)|2df<oo
-W
i LN lized si _ sinEn) and
igure 1: Normalize Slnc(é)_é_n 2() = #()

Bandwidth in the baseband of an energy-limited signal x is the smallest frequency W to
which x is bandlimited.
If x € £>(R) is bandlimited to W Hz then x is a continuous function and all it's energy is
contained in the frequency interval:

[k ar= [ ol or
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Yy = x % LPFy: Properties of xpp
L oll, < il o Il = [eall = 4 Tl
2. fis indistinguishable from £ - 1{|f| < W} * Zpp(f) = Tpp(f — fo) + Tpp(=f = fo)
3. All of y energy is contained in the frequency interval. e time-domain relationship
4. The Inverse Fourier Transform formula is valid for y at every time instance. xpp(t) = 2R (xBB(t)eiZcht)
=2R(xa(t))

4.5 The Bandwidth of a Product of two Signals .
= x(f) cos(2m f.t) — xo(t) sin(2m f.t)

Let the finite energy signals x; and x, be bandlimited to W; Hz and W, Hz respectively. Then
the product signal x; ()x,(t) is of finite energy and bandlimited to W; + W, Hz.

inner products
<xPBr yPB> = 2%( <xBB/ ]/BB) ) = Z‘R( (3?33, ]?BB) )

5 Passband Signals and their Representation * Filtering x € Lo(R) (W, fe) with an integrable filter /.

(x * I’l)BB = Xp * hi?B
5.1 The Passband Signal W =h % BPFy.

Passband Signal A signal x in £,(R) or in £;(R) is bandlimited to W Hz around the M) = (e—iZnﬂ-th/(t)) * LPFyy,

carrier frequency f. > % >0 " A
* =% -y
x(f) = (x * BPE, .)(#), teR (% Wgn(f )A Ton(f )A (/)
h; =h(f+f)-1 <Wj2
= #H=0, V|f-flswr ) =H(f+ 0 1{lf] < wi2)
e Low Pass Filter
Multiplication by a carrier doubles the bandwidth Given a baseband signal x with band- LPFw * LPFw = LPFy
width W Hz e The cutoff frequency W, of the LPF has to satisfy W/2 < W, < 2f, — W/2
N 1/, R
y(t) = x() cos@nfit) = §(f) = E(x(f— f)+2(f + £)
y has bandwidth 2.

5.4 Miscellaneous Results

e |f the Fourier Transform of x(-) is zero for |f| >W

5.2 The Analytic Signal fw (e 2t dt = 0 |f| >W
= | ) forf=0 =
Af)=9 9 for f <0 f x(H)cos@rfitydt=0,  |fi|>W
Propertiezs " f x(t) sin(2nf.t) dt = 0, f|>W
o [lxall® = 5 llxpsll oo
o 2pp(f) = 2a(f) + 2, (=f) e If the Fourier Transform of &(-) is zero for |f| > W, and f. > W/2

xpp = 2R (x4(t))
We look at real passband signals only. is complex. ~ 1
* P 9 Y. Xa 1S complex LO E(t)cos*(2nfit) dt = 5 Lo &) dt
5.3 The Baseband Representation f“ £(t) cos2nf.) sin@rff) dt = 0

Baseband Representation  of a real xpg which is bandlimited to W Hz around f,

Xpg = (e-'?”fffxpg(t)) * LPFy, 6 Energy Limited Signals and the Sampling Theorem
= X](t) +1i XQ(t)
x(H) = Rxgs(h) = (xPB(t) cos(2nﬁt)) * LPFy, In-Phase Component 6.1 Energy Limited Signals

xo(t) = B(xpp(t)) = —(xpB(t) sin(2m fct)) * LPFy, Quadrature Component
xpp is bandlimited to W/2 Hz.

llull® = f lu(t)>dt  energy inu
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Triangle Inequality (b)

(e + oll < [lull + [l - B
Zalul=0 — ;=0

Equality holds for orthogonal signals: (1, v) =0
Basis u4,...,u, ofalinear sub-space U. u; are linearly independent and span U.
6.2 The Geometry of L5(IR) Dimension of a subspace U is d, if there exist d functions that form a basis for U.

Orthogonality u and v are orthogonal, if
6.3.2 Orthonormal Bases

f u(t)o'(t) dt =0 Definitions
e Orthonormal A set of n functions ¢y, ..., ¢, is said to be orthonormal, if
Inner Product of u and v . 0 121
+ ifl+1l
(u,h) = f u(tyo' () dt (0 r) = { 1 ifl=r
Properties: . orthonormal = linearly independent
o (u,v) =(v,u) Orthonormal Basis  ¢4,...,¢, is a set of orthonormal functions, which spans a sub-
o (au+po,w) =au,w)+ p{v,w) space U.
o (u,av+ pw) = a*(u,v)y+ p (u,w) u =YL (u
= D= (W P1) O ueU
o P = o) z 1@(1’
o (v, m)| < [loll + [full
Projection the function w is the projection of v € £,(IR) onto the function u € £,(R) if: N 2
(@ w=au for some @ € C = i ‘ u <Pl '2
(b) v—w is orthonormal to u oI =Y, ‘ v ¢z ’ ve L(R)
[lv — w|| = min ”v—ﬂu” =0 «
peC (v,uy = Zz 1 <U (/)1> <u qbl> u,veU
- @,u) Gram-Schmidt Procedure  is used to produce an orthonormal basis ¢4, .. ., ¢, of U from

fJull® any basis u1, ..., u, with

6.3 Finite-Dimensional Linear Sub-Spaces span{uy, ..., U} = spani@y,..., pu} = U

6.3.1 Linear Sub-Spaces 1. ¢1= |u1||
m
Linear Sub-Space consists of set of functions in £,(IR) with: 2. Uy, = umjl - Yk <Mm+1, ¢l> ol
(a) ue (L( = au € (I/I Ya e C 3. ¢m+1 um 1

Tzl

especially 0 € U and —u € U
b) u,veld = u+veld

Span uy,...,u, €U of U 6.3.3 Projections
n Definition  w is the projection of v onto U if
u= g YueU (@ wel and
=1 ) (v-—w,uy=0, ueld
U =span{uy, ..., u,} d
Linearly Independent  u,...,u, are linearly independent, if either holds: w= Z <U' ¢l>¢l

(@) None of the functions can be written as a linear combination of the others: =1

u = Z ﬁpup

I'#l
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6.4 Infinite-Dimensional Linear Sub-Spaces

6.4.1 Complete Orthonormal Subspace

Complete or Closed The space £,(IR) is complete in the following sense: Every Cauchy
Sequence in £,(IR) converges to some function in £,(IR). For closed sub-spaces, pro-
jection is well defined. (See Script p. 111)

Complete Orthonormal System (CONS)  An orthonormal sequence of functions {¢;} in
U is said to be a CONS for U if the following equivalent conditions hold:

(a) Projection: Every u € U can be arbitrarily well approximated. For every ¢ >0 31,
with

n 2

u-—- Zaltj),

=1
(b) Inner Product for any v € £>(R) and u € U

(u,0) = lim Zn: (w1, 9u) (0, 1)
=1

<e¢ YueU,n>n,, a1=<u,¢l>

(c) The Norm of any u € U
n 2
= i 37 ()
=1

6.4.2 Examples

e The set of all £,(IR) functions that have zero energy outside some interval [—a, «]

Lz([—a,a])é{u: f [u@®)? dt = f |u(t)|2dt}

e Functions of compact support

00 (i)
LCS(JR)é{ueLz(R): f (P dt = f |u(t)|2dt}

a(u)

e The set of all functions of the form p(t)e™", where p(t) is any polynomial.

e The Fourier Series: A CONS for all energy limited functions, that vanish outside the
interval [-W, W)

1 .
Pi(@) = —=e™ N I{-W < a < W)
V2w

6.4.3 Projections onto Infinite-Dimensional Sub-Spaces

Let U be a closed linear sub-space of £»(IR), and let v € £,(IR) be arbitrary. There exists
some function w € U, called the projection of v onto U such that
(a) v—wis orthogonal to any function in U

®) llo-wl<llv-ull, YuelU
w=) (o)

1=0

S. Ryffel

6.4.4 The Sampling Theorem
CONS for to W HZ bandlimited functions:

, 1
$1 = VTe?™T % LPFy

T=5w

¢ = %sinc(% + l)

Let u be a energy-limited signal of bandwidth W Hz. Then
(@) u can be reconstructed from samples taken T = ﬁ\, seconds apart.

u-— Zn: u(—IT)sinc (% + l)

I=—n

lim

n—oo

=0

(b) The energy of u is
P =T )" ()P

I=—c0

(c) If vis an arbitrary energy-limited signal, and 7 is the result of passing v through LPFy

(v, u) = f ) ot dt =T Z 5(IT)u*(IT)

|=—c0
7 Sampling Passband Signals

Instead of sampling a passband signal at % with —f. + k% ¢ [f. — W, f. + W], we take the
complex samples of the baseband signal.

Xgg = (e‘iznfftxpg(t)) * LPFy, Wew. <2f- %
Rxpp(t) = (xps(t) cos2mfit)) * LPFy,
Im(xgs(t)) = —(xps(t) sin(27fif)) * LPFy,

= xpg(t) =Y. xp(l/W)sinc(Wt — )

xpp can be reconstructed from the samples taken once every 1/W seconds.
e Reconstruction: xpg can be reconstructed from its baseband samples

reconstruction of xpg

xpp(t) 229’\(xbb(t)€i2"f”)

o Energy: |lxgsll* = 2 L%, lxgs(/W)P
e Inner Product: {xpp, yps) = &R (me XBB (%) Vi (Viv))

8 Mapping Bits to Waveforms

Modulator The role of a modulator in a digital communication system is to map the data
bits into a signal that is then fed into the channel.
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8.1 From Bits to Real Numbers

{D;} incoming data bits
{X;} sequence of real numbers
Encoding mapping ¢
p:{0,1}f >R
@:(d,....de) = (01, %)

Rate £
n

Example "‘two bits per real symbol™
. (D—Zr D—l)l (D(J/ Dl)/ (DZ/ D3)/ e

+3 if DZj = D2j+1 =0
+1 if D2j =0and D2j+1 =1
—3  ifDy =Dy =1
-1 if D2] =1land D2j+1 =0

Data bits are broken into pairs:

(D2j, Dyj11) =

Example "one-half bit per real symbol™

(+1,+1)
Dj= { (-1,-1)

if D; =0
ifD; =1
8.2 From Real Numbers to Waveforms through Linear Modulation

Linear Modulation  Modulate k data bits {D }
transmit the waveform

, map these to n real numbers {X } _, and

X)) =AY X
=1

e Energy: IX|P> = A2 Y ZI’ X Xy (gz,gr'>
or for orthonormal {g;}: [|X]? —A2 o X7

Theorem Any linear modulator X(t) = A Y., X;<i(t) is equivalent to a linear modulator
Xty =A Z;’;l X[ ¢i(t) for some orthonormal functions {¢}.

8.3 Recovering the Signal Coefficients with Matched Filters

e For some orthonormal {¢;}.

1
:Z<X'¢l> I=1,...,n
= %(X * (f);)(O) Matched Filter

o [f they are time shifts of each other: ¢, = p(t —IT;), 1<I<n
X(t) = A Z Xip(t - IT,)
=1

1 .
= S (X* (T

S. Ryffel

10
9 The Nyquist Criterion

9.1 The Auto-correlation Function of a Deterministic Signal

Auto-correlation  Rouo(t) of a deterministic energy-limited signal v is
Roo(t) = |[v]]* = f vt +T)0'(t)dt, teR

Properties of Ruvv
Value at zero:
Maximum at zero:
Conjugate symmetry:

Rov(0) = [ [t dt

|[Rvo(T)| < Roov(0)

Rov(-1) = R'oo(1)

Rov(r) = [ |o(F)| e df

Roo(f) = [o(f)
Uniform Continuity: Roo(-) is uniformly continuous
Convolution Representation:  Roo(t) = (v * 9°)(T)

Self-similarity same as Auto-correlation

Shift-Orthogonality and Auto-Similarity

Integral representation:

fm¢(t—lTs)¢*(t—l'Ts)dt:I{l:l’} =  Roo(T) =1{=0)

9.2 The Nyquist Criterion

Nyquist Pulse v : R — C is a Nyquist Pulse of parameter T > 0 iff either
(&) Condition in time domain:
o(IT;) = I{l = 0}

(b) Nyquist Criterion: condition in frequency domain
1 Y v( Ft Ti) -1

S
j=—o0

Shift-Orthogonal Pulses
The complex functions ¢(t — IT;) are orthonormal (quq)(st) =I{m= O}) iff

£ 2l -

j*—oo

Minimum Bandwidth of Shift-Orthogonal Pulses

If a function ¢ and its time shifts by non-zero integer multiples of T, are orthonormal, then the
bandwidth W of ¢ cannot be smaller than 1/(2T;)

1

W >
23T,




Summary "Information Transfer"
e Equality is achieved by any pulse ¢ for which
"Brickwall in "

bl= V1A <5} fer

e In particular by the sinc(-) pulse

t
t sinc (—), teR
o(h) = f T
Excess Bandwidth
Excess Bandwidth  of a signal ¢
bandwidth of ¢
100% | ———m—— —
1/(2Ty)

Band-edge symmetry
A real signal ¢ of excess bandwidth smaller than 100% and its time shifts are orthornomal iff

A 21 2 1
= <f<
qb(sz ) " ‘P(sz ) 0<f=77
Raised Cosine Spectra
if0< |f| < %
o(f) = ,/Ts Y1+ cos (22 (If] - 32) if 5 < |f] < 22
1
if [f] > =
sin((1-p)m
28 cos((l +/3)71Tl5)+ —(415% %)
o) = : teR

VT -(st)

Roll-Off Factor p corresponds to the excess bandwidth 100% - g

9.2.1 Nyquist Criterion for Passband Signals

The Nyquist Criterion still holds in the case of passband functions.

W = 1/(2Ts) can be achieved if

@ |¢A]= VTL{f - - <|f < fi+ &)
(b) 4T.f. is odd

Baseband functions
o If we take a baseband Nyquist Pulse with bandwidth W/2 and baud 2T and multiply it by
\/Ecos(Zn f.t) then we obtain a passband Nyquist Pulse with bandwidth W and baud T,

if 4T f. is odd.

11
10 Energy and Power in PAM Signaling

10.1 PAM Signaling

IID independently and identically distributed
PAM signal generated from k iid random data bits {D;} taking the values {0, 1} equiproba-
bly, which are mapped by the encoder to # real symbols {X;}

X(t) = A Z Xig(t - IT,)
=1

Baud Ts symbol-length

10.2 Energy in PAM Signaling

E:E[fmxz(t)dt]
n 2
(Z Xlg(t—lTs)] dt}
>\ I=1

Expected Energy is

Energy per bit is & e"ergy] =k

bit k

Energy per symbol is 8[5;355] E

—E[fHTSXZ(t)dt] A2 ["TE[(E%, xig(t - IT)Y] dt

= A2 [T Y YO EIXX] gt~ IT)g(t ~ I'Ty) dt
Power is P[e"ergy] =&

second Ts

Expected Energy with different  g(-) and X;
e ¢(-) orthonormal

e X, are zero mean and uncorrelated

E[X] =0, I=1,...,n Zero mean
[ E[XP=a  ifl=r
E[XiXy] = { 0 otherwise uncorrelated
E=A?Y E [Xlz] ||g||2 energy

I=1
e general case

E=A?Y Z E[XiXr]Rgg((l = IT,)

=1 I'=

=A f i ZE[szp]eQ”f“‘”Ts A" af

=1 I'=
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Special Expectations

2
E[{ig,ic%d,.‘.,i(Zv— 1)%}] = d—(2z; +1)2v-1)

12

10.3 The Power of a PAM Signal

Transmitted Power "
1
= lim —E X3(t) dt
P=lm o7 [f X0 ]

Minimize the transmitted power
X'(t) = X(t) - E[X(1)]

Power in PAM
e {X;} Uncorrelated: {X;} of zero mean, of variance ai, uncorrelated

1 2
Pz A
e {X;} Stationary: zero mean, with autocorrelation function E [X;X},,,] = Kxx(m)

1 ()
P= iAZ Z Kxx ()R g (mT,)

m=—00

1 * o )
— FgA2 ﬁm Z Kxx(m)eﬂnfst

m=—oco

2 af

e Orthonormality: calculation is tricky, see script p 156.

e Block Mode: see script p 158.

2
1 00 n
P=r LOE (A;X,g(t—lTS)] l dt

_E E, = f H”TSE[XZ(t)] dt

nT,’

11 Power Spectral Density

Power Spectral Density Sxx(-) of a stochastic process X for any (nice) filter of impulse
response i and frequency response /1 the average power at the filter's output when it is

fed by X is given by
Powerin X x h = f Sxx(f) |fl(f)|2 df

For real stochastic processes X, Sxx(-) has to be symmetric.
Generate PSD out of a(f): Sxx(f) = 10(f) + 2a(—f)

S. Ryffel

11.1 The PSD of PAM signals
(script p. 173)
Y(6) = (X * h)(t)
= Af Xi(g * h)(t —ITs)

e {X;} zero mean and uncorrelated

AZCF2 2
Sxx(f) = == [8(f)|
e {X;} zero mean and stationary
A2 & . a2
Sxx(f) = T Z Kxx(m)ezznfst |g(f)|
e Block Mode:
A2 vy Rrf-Ts | 5¢ £\ [?
Sxx(f) = = E[XiXp] 2T [5(f)

=1 I'=2

12 Quadrature Amplitude Modulation

PAM QAM
real symbols Rs [ complex symbols]
rate RS [ secorlld ] 2 [ secorid
baud. Tsim RTSZW
bandwidth W > 3 [Hz] W > 3 [Hz] around f.
communicate at 2 [ baseband Hz ] 1 [ passband Hz

12.1 A Complex PAM Baseband Representation
Baseband Representation
Xpp(t) =AY, Cr-g(t=1IT,)
=1

Rate £ [—bi‘s ]

n | complex symbol

Real Passband Signal

Xpp(t) =2- R (XBB(t)eiznfct)

=2A Xn: R(CHR (g(t - IT)e?™!) + 24 i S(C)R (ig(t - IT ™)

=1 =1

=2A Z R(Cy)g(t — IT;) cos(2mf.t) — 2A Z J(C)g(t — IT,) sin(2m f-t)

=1 1=1

12
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Bandwidth If the puls shape g is bandlimited to W/2 Hz then the QAM signal will be

bandlimited to W Hz around f,.
Excess Bandwidth

bandwidth of ¢
100% - | ——— -

1/(2T5)
12.2 Orthogonality Considerations
(script p. 183)
If the baseband puls shape ¢ satisfies (see Nyquist Criterion p.

fm Pt —IT) (t—I'T) dt =T{I =T’}

= Ts 2 535  (script p. 186)

then the passband QAM signal
XpB = ‘/_ZA Z sR(C})@DQJ + \/_ZA Z S(Cz)l)l}],]
1=1 1=1

You(t) = Z‘R( %(j)(t —IT) ei27'[fft)

| ——
$0,,8B

Yt) = Z‘R(z’ %(p(t - lTs)eiZnﬁf)

—————

11,88

12.3 Recovering {C;} via inner products
R(C)) = L Xpp, Yo
V24

J(C) = % (Xpp, Y1)

S. Ryffel
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Circuit (r, z,l)QJ) and (r, ;) for arbitrary r(-)

spp = r x BPFyz, Bandpassfilter
spa(t) = spp(t) - et % LPFyy (£) Baseband Signal
R(sps(t)) = s(t)cos(2mfct) * LPFy, (f)
I(spp(t)) = —s(t)sin(2m fot) x LPFy, ()

<r, 1/)Q,1> = \/Ef?’\(SBB(t)) -t = IT;) dt Inner Product in Baseband

AN \/Efﬁ(sBB(t)) -t —IT;) dt Inner Product in Baseband

13 Energy, Power and PSD for QAM

13.1 Energy in QAM Signaling - Single Block Transmission

E-E [ [ x0 dt] = 21Xl = 2E [ G dt]

2E [|IXas] = 21AP Z 2 E[CiC; | Reg((r - DT.)

=1 I'=1
=2|AP f Z Z E[C/C ]2 g Al df
=1 =1
e {C;} of zero mean and uncorrelated

n

26 [IXaslP] = 2147 ] Y E[1CrF]

=1
o time shifts of puls shape g orthonormal

n

2 [IXslP] = 214F ) E[I]

=1

13.2 The Power

e In general

e {C;} of zero mean an stationary

2|AP

7 2, Kec(mRgg(mT,)

m=—0o

[ X kectmemm g ar

® m=—co

PPB =

21AP
T,
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e Power in Blockmode

n

21AF v . ,
Py = = ;;E[C;C,,]Rgg((l - DT,
2 o NN
- % ZZE[C;C;,]e'?“f“"”TS 2 daf
R E ]
13.3 The PSD
X * Hyy =AY Cr- (g % )t IT)
where iy, (f) = h(f + f.) - 1{|f| < W/2)
e {C,} of zero mean an stationary
AP & ‘
Sxx(f) = |Tl W:Z_‘m ch(711)812”(|f|_f°)mr5 3( f| - fc)|2
e Block mode .
SXX(f) _ L?’]L Z Z E [CIC;/] eiZn(|f|—fc)(l—l')Ts g( f| _ fc)|2
S =1 =1

14 The Univariate Gaussian Distribution

14.1 Standard Gaussian Random Variables
Standard Gaussian W has standard gassing distribution if its density is given by

1 w?
_we
Vz'}l

fw(w) =
Centered Gaussian X =a-W
Gaussian X =a-W+b with b = E[X] and a? = Var(X)

1 _=w?
e 202

fx(x) =

TLO
Transform to a standard Gaussian

2 X-—u
X~No?) = —=~N0OI

Mathematical Notes
o Integral: [~ e dw = V2n

. 2 [ 222k _ 0
e Integral: \/;f_me de_{1-3‘5-~(k—1)21—k

™ 2 8
e Integral: [ e P dx = e [T

k odd
k even

S. Ryffel

14.2 The @Q-Function

14

Maps every a € R to the probability that a standard Gaussian random variable takes on a

value that exceeds «

_ _ L ~ —-&2/2
Q(a)—Pr[W>a]—mfa e dé aeR
Probabilities

e Fy(w)=Pr[W<w]=1-Qw)
Prla < W < b] = Q(a) — Q(b)
Pr[X > a] = Q(%)
Q)+ Q(-a) =1

2
(\/2
¢ Qu=1 [T do  a20

Bounds
1 702/2( 1 ) 1 _a2/2
1-=) < Qo) < —e9/ a>0
2na a? V2na
1

14.3 Characteristics of Gaussians

Characteristic Function ®x(w) of X

Dy(w) = E[¢"X] = I ) Fy(x)e™ dx

Properties
@)
e E[x]1=%2  HE[X]<w
o Dx()=Dy() = fx()= fr()
o DOy.y(w) = Dx(w)- Dy(w) if X and Y are independent random variables
o X~ N(u, 02) = Oy(w) = eiwy—%wzoz
o1 ) 13- (w=1) if v is even
E[W]‘{o ifvisodd - WV~ NOD
) 1-3---(v-1) if vis even
ElwrT= 2002 ey ifgisodd ¢ MO

Moment Generating Function Mx(6) of a random variable X

Mx(0) = E[¢?]| = f ) Fx(x)e? dx

Properties

o X~N(,0%) = Mx(0)=e%19" geR
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The sum of independent Gaussians is a Gaussian
If X ~ N(ux,0%) and Y ~ N(uy, 03) are independent

X+Y ~ N(ux + iy, 0% + 0%)

Linear combinations of independent Gaussians are Gaussian
If X, ..., X, are independent Gaussian random variables, then Y = Y, a;X; is Gaussian

n

E[Y]=) aE[X], Var(Y) = Y a?Var(X))
1=1

1=1

R? = X2 + Y? of two independent Gaussians is Rayleigh
f X, Y ~ N(0,0%)

The Projection of a Gaussian Random Vector onto a orthonormal Vector is Gaussian
If Z ~ N(0,0?)
(z,q)) =7~ N(0,d%)

15 Binary Hypothesis Testing

15.1 Problem Formulation

Problem
H random variable to guess
Priors 71y = Pr[H = 0] and 7i; = Pr[H = 1]
non-degenerate 7,771 > 0
degenerate either of the priors is 0, guessing is deterministic
Y observation

Optimal guessing rule

. {0 if PrfH=0]Y = yop] 2 Pr[H = 1]Y = ypps]
PGuess Yops) = 1 otherwise

p*(error | Y = y,p5) = min {Pr[H =0]Y =yl PrlH=1]|Y = yups]}

p*(error) = E [min{Pr[H =0|Y]Pr[H=1| Y]}]

S. Ryffel

15.2 The JointLaw of Hand Y

Y is a continuous random variable

fr) = 1o fyip=0(y) + 11 frip=1(y)

Pr[H:ow:y]:W
Pr[H=1|Y:y]:W
. 0 if )

Fnensll) = { 0 i mafun-oy)

Y is a discrete random variable

Py(y) = mtoPy=0(y) + 1 Pyj=1(y)

1o Py=0(Y)
PrlH=0|Y=vy]= —————
H(H =017 =y = =
111 Pyj=1(y)
PrlH=1|Y=vy]= —————
=Y ==
. _ 0 if ﬂgpyu—]:g (y)
Pouess(¥) = { 1 otherwise

15.3 The MAP Decision Rule
The Maximum A-Posteriori decision rule

0

(PMAP (yops) = 1
equiprobably {0, 1}

0

¢MAP (yops ) = 1
equiprobably {0, 1}

Likelihood Ratio Function IR(-)

with a/0=o00, Ya>0 and

0
(PMAP (ynps ) = 1

LR(y)

equiprobably {0,1}  if LR(yes) =

unconditional density of Y

a-posteriori distribution

> 10 frip=1(y) optimal guessing rule

Probability Mass Function

a-posteriori distribution

> 111 Pyjp=1(y) optimal guessing rule

if PI‘[H=O|Y=]/ops] >PI‘[H= 1 | Y= yOPS]
if PI‘[HZolyzyops] <PI'[H: 1 | Y= yOPS]
if PI‘[H=O|Y=]/0ps] =Pr[H=1]Y = ]/ops]

if 110 fyi=0Yops) > 701 fripr=1(Yobs)

if 70 fyir=0(Yops) < 701 fripz=1(Yobs)
if 710 fyip=0Yops) = 701 frier=1(Yobs)

_ fvm:o(}/)
frir=1(y)

p=1

S

if LR () > 2
if LR(Yops) <

F33 a3

15
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Log Likelihood Ratio Function  LLR(-)
fyi=o(v)
LLR(y) = log ———
W) =log Fr=1(y)
with  loga/0=c0, Ya>0 and  logd=0
0 if LLR(yp5) > log Z—(l’
Ovar(Yops) =1 1 if LLR(yops) < log Z—f

Probability of error

p*(error) =

equiprobably {0,1}  if LLR(yoss) = log 7’

Lmin{n()leH:O(yops)r nlleH:l(yabs)} dy

15.4 The ML Decision Rule

Is like the MAP rule, except that it ignores the priors.

0
¢ML (ynps) = 1

equiprobably {0, 1}

0
({bML (ynps) = 1

equiprobably {0, 1}

0
OmL (]/ups) =51

equiprobably {0, 1}

if fyi=0(Yops) > friz=1(Yovs)
if fria=0(Yops) < frirz=1(Yovs)
if fyip=0(Yops) = frir=1(Yovs)
if LR(yupe) > 1
if LR(ope) < 1
if LR(yops) = 1

if LLR(yops) > 0
if LLR(Yops) < 0
if LLR(yops) = 0

15.5 Processing of the Observations

Randomized Decision Rule

can not outperform the optimal deterministic rule.

Conditionally Independent Random Variables
X and Y are conditionally independent given Z if

or, equivalently

Processing

Pxyiz = Pxiz(x|z) - Pyjz(ylz)

Pxyz(xly, z) = Pxjz(xlz)
Pyixz(ylx, z) = Pyz(ylz)

W shall say that Z is the result of processing Y with respect to the random

variable H and write H —o— Y —o— Z if, when conditioned on Y, the random variables H and Z
are independent. (Script p. 225)

16

15.6 The Bhattacharyya Bound

Some Bounds: min{a, b} < Vab < ¢

p'(error) < %Z VPyis=o(y)Pri=1(y) = % f Vhvir=o(Y) frin=1(y) dy

15.7 Sufficient Statistics

Sufficient Statistics  Given: binary hypothesis testing problem of H based on the random
vector Y e RY, T:R? - R
T(Y) forms a sufficient statistic for guessing H based on Y if, Pr[H = 0| Y = y,] and
Pr[H =1]Y = yus] can be computed from my, 713 and T(Y).

Irrelevant Data  Z is irrelevant data, if Y is a sufficient statistic for guessing H based on
the pair (Y, Z). (Script p. 139)

The Factorization Theorem
T(Y) forms a sufficient statistic if the conditional densities can be factored in the form

Fan=o(¥) = &(T®)) - h(w)
Far=(y) = &1(T(y) - hw)

15.8 Multi-dimensional Binary Hypothesis Testing

Problem
H=0Y"=s0+20, j=1,...,9, Z9~N(d)
H=1:Y"=s"+20, j=1,...,9,  ZV~N(©,d)
Ratios
Frp=o(y)
LR(y) = —=
Y= Ray)

J _(y(i)_sgﬂ)z <y(f)_5<lf>)z
= H e 202 + 2052

5 ((s0,0) + (51,9)))

LLR(y) = —”500_251” (<Y/(P> -
_ S —8;
= Tso—sl
Y=(Y,9)
[Iso _Sl”)
20

is a sufficient statistic

p’(error) = Q(
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16 Multi-Hypothesis Testing

value set

M={1,...,M}
Tt = Pr[M = m] priors

16.1 Optimal Guessing

1st approach
o GUuesSs Mgess only iff

Pr[M = mguess | Y = Yobs] = max [PriM =m|Y = yosl}
o Error conditional on

plerror | Y = yops) =1 — {%%(Pr[M =m|Y = yobs]}
e Unconditional error

p*(error) =1 - f {max PriM=m|Y = yobs]}fY(y) dy
vey meM

2nd approach by partitioning the space of outcomes into M sets Dy, ..., Dy where we

guess m if y € D,,. Guess m only if

T friv=m (Y) - max { Tl frip=m (y)}
Fr(y) meM fr(w)

16.2 Example: 8PSK

(1)
Y:( 5(2) ) YO < Ny, 0%), Y? ~ N(by, 0

2 2
ay ZACOS%, [ :Asin%

_ a2+ b2

202 p meM

1 2
Froyouzn (¥, y?) = 2n02°

16.2.1 The "Nearest Neighbor" Decoding Rule

Guess m if

ly = sul = min {lly = s}

(See script p. 254)

17

16.2.2 Exact Error Analysis

Steps
1. Split Y up: (YO, Y®) = (=A,0) + (ZD, Z@) with Z ~ N(0, 06?)
Find the error region D,,,, conditional on 1,
Find fz(z)
. fDW fz(z) dz, change coordinates if needed

ENJAEN

16.3 The Union Events Bound

Define for every m’ # m the set B,, ,»
Bm,m’ = {y . nm’leM:m’ (]/) = T‘melM:m(y)}
= {y - Pr[M = m'|Y = y] = Pr[M = m|Y = y]}
p*(error) < Z f Srm=m(y) dy
8

m#m’

< Z Pr[Y € By | M = m]

m#m’

m,m’

union bound

Hint

_ da,b _ Ell,b
parb(error) =Q (E) =Q [7]

17 Gaussian Vectors

Gaussian Random Vector X if X — E[X] is a centered Gaussian.
Centered Gaussian has the same law as AW where A is a n X m Matrix and W is a
vector whose components are 11D N(0, 1)

Notation
e aY or [A];; is the Row-j Column-I element
o [A]; =[AT];,
o (AB)T = BTAT

17.1 Expectations and Covariance Matrix

Expectations
E [X(l)]
E[X] = :
E[x®]
e E[AH] =AE[H] where A is a deterministic and H a random matrix

e E[HB]=E[H]B where B is a deterministic and H a random matrix
e E[H"] =E[H]" where H is a random matrix



Summary "Information Transfer" S. Ryffel 18

Covariance Matrix Kxx 17.1.2 The Characteristic Function

Kax = E [(x ~E[X])(X-E[X] )T]

If X € R" then Ox(w) : R" = C

jw!
X0~ E[x0] Ox(w) = E[e"]
=E : ( X0 _E [X(l)] X _ g [X(n)] ) = ¢ 3o o0
XM _ | [X(")] _ f f Fex)e' T D50 420) L gy
Var(X®)  Cov[X®,X®] ... Cov[X®,X"] e
Cov[X®M, XM Var(X®) oo Cov[X®@,X™] e X and Y have the same distribution if, and only if, they have identical characteristic func-
= . tions
: K : X=zY) = (Ox(w)=Dy(w), YweR"
Cov[X®,XD]  Cov[X®, XA ... Var(X®™) _ ( ) ) _ ( )
e X and Y are independent if, and only if
o Kyy = AKxxAT Y = AX . ) .
i1 X+wY) | — i X | | iy Y
e Ky is positive semi-definite E [€ R ] =E [E ! ] E [e : ] w1, w2 € R
e Ky =Kxx symmetry
e Kyx singular <= one of the components of X is a linear combination of the others 17.2 A Standard Gaussian Vector
e Any positive semi-definite matrix is the covariance of some random vector.
(1 @Oy
17.1.1 Positive Semi-Definite Matri fw(w) = ( e’
ositive Semi-Definite Matrices L[ Nor
Positive Semi-Definite  is a real n X n matrix K if _ (Zn)—n/ze—%llwllzl weR"
a’Ka>0, VYaeR" EW]I=0, Kww=I
Dy (w) = g 2iwi? weR"

iff one of the following equivalent conditions holds:
o K =STS for some n x n matrix S (S = AY2UT)
e All the eigenvalues of K are non-negative

— T .
o K=UAU" where _ 17.3 Real Gaussian Random Vectors
A diagonal, containing the eigenvalues of K
U U satisfies UUT = I,,, U consists of orthonormal eigenvectors of K X=AW+b
Positive Definite  is a real n X n matrix K if e It the components of X are independent scalar Gaussians then X is a Gaussian vector.
a'Ka >0, Ya #0 e If X; and X; are independent Gaussian Vectors, then ( §1 ) is Gaussian.
2
iff one of the following equivalent conditions holds: o IfX =AW +bthen
e K = STS for some non-singular n X n matrix S (S = AY2UT") E[X]=b and Kxx=AAT
e All the eigenvalues of K are positive e If X is Gaussian
— T
* i_ .UAU lwhe;re . . | . — any subset of its components is Gaussian and
dlggona wit posmverlagona entries — any permutation of its components is Gaussian.
U U is orthogonal: UU" =1,
Orthogonal UUT =U"U =1, . ' .
Singular not invertible, det A = 0 17.4 The Mean and Covariance Determine the Law of a Gaussian
The mean and covariance or a Gaussian determine its law There is only one multivariate

zero-mean Gaussian distribution of a given covariance matrix.

Accounting for the mean we have that there is only one multivariate Gaussian distribution
of a given mean vector and a given covariance matrix.

The multivariate Gaussian distribution of mean u and covariance K is denoted by N (u, K).




Summary "Information Transfer"

Uncorrelated Cov[XY] = 0. In general: independent = uncorrelated
Jointly Gaussian X and Y are jointly Gaussian if ( é ) = AW + b is Gaussian. The

density fxy(x,y) is of a Gaussian.
For jointly Gaussian vector holds: independent < uncorrelated

Properties of Kxx
e |f the components of the Gaussian random vector X are uncorrelated so that the matrix
Kxx is diagonal, then the components of X are independent.
e If the components of a Gaussian random vector are independent in pairs, then they are
independent.
e If Wis a standard Gaussian and U is orthogonal, then UW is also a standard Gaussian
vector.

17.5 A Canonical Representation of a Centered Gaussian
The centered Gaussian X with Kxx has the same law as
UAYZW

where
W is a standard Gaussian vector
U consists of the orthogonal eigenvectors of Kxx
U rotates the multivariate Gaussian A/?W
A is diagonal and the diagonal entries correspond to the eigenvalues of Kyx

\/)\_1 wo
AW = : the v-th component is (0, A,) distributed

VAW
Let X ~ N(u,K) and U, A as above:

ATPUT(X = ) ~ N(0, )

17.6 The Density of a Gaussian Vector

X = UAV?W = BW

_ fw(B™'x)
Fx(x) = —Idet(B)I
exp {1 (x— i) K1 (x - )} .
= , X

V2n)" det(K)

17.7 Linear Functions of Gaussian Vectors

wX ~ N(a)TyX, W Kyxw)

19

17.8 Review of the Multivariate Centered Gaussian Distribution

Multivariate Centered Gaussian  See script p. 286.

18 Stochastic Processes

"

Stochastic Process  real valued function of "time™ t and "luck™ w:

X:RxQ-R
(t, w) = X(t, w)

Sample Path stochastic process with a fixed experiment outcome w

X(,w):R—>R
t - X(t, w)

Random Variable stochastic process with a fixed time instance ¢

Xt):Q->R
w P X(t,w)

Joint Distribution Function specifies a stochastic process

,,,,,

Mean E[X(1)], X(¢)
Covariance Kyx(f, 1)

Kyx(t,u) = E[(X(t) - X(0)(X(w) - X(w))]

Properties of Stochastic Processes
Gaussian If for all choices of epochs ty,. .., f; the set of RV's X(t), ..., X(f) is a jointly
Gaussian set of RV's.
A Gaussian process is completely specified by its mean and covariance function.
Stationary  X(-) is stationary if for all sets of epochs t4, ..., t; and for all shifts ©
Fx),.x) X1, -+ X6) = Fxty 40y, x+0 (X1, - -+, X%)
and if a density exists: fX(tl) ,,,, X(tk)(xl, e ,xk) = fX(tl_,.-[),m,X(tk*.T)(xl, . ,xk)
Wide Sense Stationary  if
E[X(#)] is constant for all ¢
Kxx(t,u) is afunction of only t —u
stationary = wide sense stationary
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18.1 Linear Functionals

random variable

Y = fm g(HX(t) dt
E[Y]= fm g(HE[X(H)] dt mean

variance

Var(Y) = fm fm S(HKxx(t, u)g(u) du dt

If g(-) is continuous and non-zero only over a finite interval and if X(-) is stationary with a
continuous covariance function.

If X(-) is Gaussian  then Y(:) is also Gaussian.

If X(-) is WSS also see section on page [20]

Var) = [ [ g0Koxtt - g du i = [ g0 x g0 dt

00

Cov[Y,Z] = f ) f ) (OKxx(t — wh(u) dudt,  Z= f ) h(H)X(t) dt

18.2 Power Spectral Density or Spectrum

Let X(-) be WSS with covariance Kxx(-)

Sxx(f) = f Kxx(1)e ™27 dt =

o Kxx(-) and Sxx(f) are real and symmetric

(] Sxx(f) >0, f eR

e If Kyx(+) is the inverse Fourier transform of a symmetric, non-negative function, then it is
the covariance of some WSS random process X(+)

Sxx(f) = Kxx(f)

18.3 White Gaussian Noise
LetY; = fW(t)gl-(t) dt where W(-) is WGN of intensity Ny/2.
Var(Y) = % fgiz(t) dt
CovlY, Z] = % fgi(t)gj(t) dt
No .
E [YiY,-] = 761-j, {¢i(-)} set of orthonormal functions

18.4 WSS Processes in the Frequency Domain

Vartn = [ gokoxgodr = [P swnar

ozl = [ gokaxnod = [ gnsaigar
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18.5 Filtering Stochastic Processes

Y(,w) = fm X(t, w)h(- — 1) dt

X(-) zero mean
Y(t) = fw X(t)h(t — ) dt

Kyy(t,u) = fm fm h(t)Kxx(t = t,u — 0)h(o) dt do

Kyy(v) = [ % 1t x Kxx|(@),  for X(-) WSS

S(f) = [i(A] Sxx(f),  for X() WSS

19 Detection in Additive White Gaussian Noise

Detection of a discrete random variable M € M = {1, ..., M} with priors 7, = Pr[M = m] and
observable Y(t) = s,,(t) + Z(t) where {s,,} are deterministic finite-energy bandlimited to W Hz
signals and Z(-) is WGN with intensity Szz(f) = No/2

S = span({s.}) = span({¢,,}) where {¢,,} are orthonormal.

T forms a sufficient statistics The projection of Y onto the linear subspace S spanned by
the signals, forms a sufficient statistics.

T= (Y1) (%))

Gaussian vector

N
(o)~ () 2)
T= ((Y,gl), . ‘,(Y,gdr))T where S C span{gi, ..., gu}
~ N(#mz K)
Um = E [T | M = T}’l] = (<Sm,31>,~ . ~/<Sm/gd’>)T
(g1,.81) (81,82) (81, 8a)
C No| (8281 (82.82) (82/8)
- : :
(8, 81) (8. 82) (8w, &)

You find the proof for the binary antipodal case in the script on page 307.

20 The Front-End Filter

Received signalis Y(t) = s,,(t)+ N(t) where N(t) is a stationary Gaussian Process of spectrum
Snn(+), and the signals {sm}f::l are all bandlimited to W Hz.

Then Y x h with fz(f) =1, V |f| < W forms a sufficient statistics. (Proof on page 315 in
the script)
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20.1 Whitening Filter

See in the script on page 317.

PN 1
1 = 50

21 Discrete Time Hypothesis Testing and Heuristics for Continuous
Time
21.1 Discrete-Time Signals

The signal u has the value u[j] at time j and duration J.

llull® = uz[]-] Norm

(u,v) = Inner Product

uljlolj]

D -

I
i

]
(uls € S) and ( (u-1uls,s)=0,Ys € S)

u|S = <M,51>Sl R <M,S,,,>Sm

Projection of u onto S

21.2 Discrete-Time Signals Observed in IID  N(0, 0%) Noise
Y[j] = smlj] + Z[j] with priors Pr(M = m) = m,,.
1 _IY=sml?

Srm=n(y) = oy’

Optimal Decision Rule

m= argmax{nmr Fim=m (Y)}
= argmin —“Y ~swlf + 1o L
=arg 2(72 J TUy

Sufficient Statistics
S = span(sy, ..., sy} has dimension d. Y|s is the projection of Y onto S.
(@) Y|s is a sufficient statistic
(b) <Y, <¢)1> S, (Y, q5d> for orthonormal {¢,} form a sufficient statistic
(c) the random variables (Y, g:),...,(Y,g.) form a sufficient statistic for any L signals
such that {s,...,sm} C span{gi,..., gL}

21

21.3 The Conditional Law of the Sufficient Statistic

The sulfficient statistic (Y, ¢1> Seeey (Y, ¢d> for orthonormal {¢;} and the more general sufficient
statistic (Y, g1),..., (Y, g.) where {s,...,su} C span{g,..., g}

<Y/ ¢l> = <Sm,¢l> + (TW([), I=1,...,d wo ~ N(,1)
Y,g)=Guweg)+20, 1=1,...,d

Z" are jointly Gaussian with covariance matrix Kz

(g1,81) (81,8) - (81,8)
| (8280 (82820 o (8281)

Kzz =0 : - :
<gL;g1> (§L,.8&) -+ (8u,.81)

21.4 Probability of Error

2
”Sm - Sm’”

Pr(error | M = m) < Z Q( —_—
m’#m

402
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Random Vector, Sum,

Chebyshev inequality, Gaussian Random Variables,

Closed, [9] Geometric Random Variables,

Compact Support, Functions, |§| Gram-Schmidt Procedure,

Complete, [9]

Complete Orthonormal System (CONS), [9] Hypothesis Testing

Complex Random Variable, Binary,

Conditional Probability, [2] Multi,ﬁg

Conditionally Independent, [2} [1§]

Continuous Random Variable, iid, [T1]

Convolution, }4] Impulse Response, [§]

Covariance Matrix, In-Phase Component,
Independent, 2] [3]

Defective Random Variable, [2] Conditionally,

Dimension, Linearly,[d

Discrete Random Variable, |Z| Inner Product, [4|

Discrete-Time Signals, LZ(]R),
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CONS, [

Passband Sampling, [§]
Integrable, ]
Integration

Complex,
Inverse Fourier Transform,
Irrelevant Data, [16]

Joint Distribution Function, [3} [Z9]
Joint PMF, 3]

Joint Probability Density, [3]
Jointly Gaussian,

Likelihood Ratio Function, [15]
Linear Functionals, [20]
Linear Modulation, [Z0]
Linear Sub-Space,
Linearly Independent,
Log Likelihood Ratio Function, [16]
Low-Pass Filter,
Unit-Gain, Ideal,[§]

MAP Rule, 5]

Markov inequality, [3]

Matched Filter,[5]

Maximum Likelihood Rule, [1§]

Mean,[3]

Modulator, [9]

Moment Generating Function, [3]

Multi-Hypothesis Testing,
Nearest Neighbor, [17]

Multivariate, [I8]

Nearest Neighbor Decoding Rule,[17]
Norm, [4]

L>(R),[g]

CONS, |9

Nyquist Criterion,
Nyquist Pulse, [10|
Orthogonal

Matrix, [I8]
Orthogonality, [8]

Orthonormal, (8]
Orthonormal Basis,

Parseval's Theorem, [5]

Passband Signal,
Sampling, [9]

Poisson Random Variables, E|

Positive Definite,

Positive Semi-Definite,

Power, [11]
PAM, [12]
PAM Block Mode, [12]
QAM, [13]

Power Spectral Density,
PAM,[12]

QAM,

S. Ryffel

Stochastic Process, [12} [20]
Probability Density,
Probability Model,
Processing a RV,
Projection,
L(R),[8
u

CONS,[9]
Gaussian Random Vector onto ¢,
Infinite-Dimensional, [9]
Pulse Amplitude Modulation, [LT]
Energy
Power, [12]
Power Block Mode, [12]
PSD,

Quadrature Amplitude Modulation,
Baseband Representation, [12)]
Energy, [13]
Passband Signal,
Power, [13]
PSD,

Quadrature Component,

Raised Cosine Spectra,
Random Variable, 2]
Complex,
Processing,
Rate, [10]

Rayleigh Random Variables, [4]

Sample Path, [19]
Sampling

Passband Signal, [9]

Sampling Theorem, [9]
Sampling Theorem, 9]
Self-similarity,

Shift-Orthogonal Pulses, [10]
Shift-Orthogonality,
Sinc,[g]

Singular,

Span,

Standard Deviation, [3]
Stochastic Process,

Covariance,

Density,

Gaussian,

Joint Distribution Function, [L9]

Mean, [19]

Power Spectral Density, [20]

Sample Path, [19]

Spectrum, |20

Stationary,

Wide Sense Stationary,

Wide Sense Stationary in f,
Sub-Space

Linear,

Sufficient Statistic

Conditional Law, [27]
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Sufficient Statistics,

The Factorization Theorem,
Triangle Inequality, 8]

Uncorrelated, 2} [T} [I9]

Union Bound, [17]

Variance, [3
Complex RV, [4]
Vector Random Variable, [2]

White Gaussian Noise, [20]
Detection, [20]
Whitening Filter, [21]

Zero Mean, [17]

S. Ryffel
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