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1 Review of Probability Theory

1.1 Probability Models

Probability Model or probability experiment consists of:
Sample Space Ω set of possible outcomes, all sample points ω
Event E subset of the sample space, has a probability
Rule assigns probabilities to events

Axioms of Probability are three restrictions:
1. probability of each event lies between 0 and 1
2. probability of the sample space is 1
3. Pr(∪iEi) =

∑
i Pr(Ei) union of any sequence of disjoint events Ei

→ Pr(Ac) = 1 − Pr(A)
→ Pr(A ∪ B) = Pr(A) + Pr(B) − Pr(AB)

Complementary Event Ec set of all sample points not in E

1.2 Conditional Probabilities

Conditional Probability of A, conditional on B

Pr(A|B) =
Pr(AB)
Pr(B)

→ Pr(A|B) Pr(B) = Pr(B|A) Pr(A)
Independent A and B are independent iff

Pr(AB) = Pr(A) · Pr(B) ⇐⇒ Pr(A|B) = Pr(A) ⇔ Pr(B|A) = Pr(B)

• In general: independent =⇒ uncorrelated
Uncorrelated Cov[X,Y] = E

[
(X − X)(Y − Y)

]
= 0

Conditionally Independent given C

Pr(AB|C) = Pr(A|C) Pr(B|C)

1.3 Random Variables

Random Variable X function ω ∈ Ω→ R
complex random variable: ω ∈ Ω→ C
vector random variable: ω ∈ Ω→ Rn

Continuous Random Variable has a finite density
Defective Random Variable X there is a set of sampling points of positive probability

for which the mapping is either undefined or defined to be ±∞.
Discrete Random Variable has a finite number of possible outcomes.

{PX(xi)} is called the probability mass function of X.
Distribution Function FX(x) of the random variable X

FX(x) = Pr(X ≤ x) = Pr({ω ∈ Ω | X(ω) ≤ x})

Events with zero probability have no effect on FX.
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Probability Density fX(x) of X

fX(x) =
∂
∂x

FX(x)⇐⇒ FX(x) =
∫ x

0
fX(t) dt

Joint Distribution Function of n random variables Xi

FX1 ,...,Xn (x1, . . . , xn) = Pr(X1 ≤ x1, . . . ,Xn ≤ xn)

F(x1, . . . , xn) =
n∏

i=1

Pr(Xi ≤ xi) ⇐⇒ X1, . . . ,Xn are independent

Joint Probability Density

f (x1, . . . , xn) =
∂nF(x1, . . . , xn)
∂x1 . . . ∂xn

Joint PMF
Pr(X1 = x1, . . . ,Xn = xn)

1.4 Expectations

Expected Value or the mean

E [X] = X =
∫
∞

−∞

x · fX(x) dx

=
∑

x

x · Pr(x)

=

∫
∞

0
[1 − FX(x)] dx wenn FX(x) = 0 für x < 0

Variance σ2
X

Var(X) = σ2
X = E

[
(X − X)2

]
= E

[
X2

]
− X

2

Standard Deviation σX square root of the variance
Sn = X1 + X2 + · · · + Xn

E [Sn] = E [X1] + E [X2] + · · · + E [Xn] whether or not Xi are independent
σ2

Sn
=

∑n
i=1 σ

2
Xi

for independent Xi

E
[∏n

i=1 Xi
]
=

∏n
i=1 E [Xi] for independent Xi

1.5 Random Variables as Functions of Random Variables

Y = g(X) for a monotonic g
⇒ FX(x) = FY(g(x)) FY(y) = FX(g−1(y))

⇒ fX(x) = g′(x) fY(g(x)) fY(y) = fX(g−1(y))
g′(g−1(y))

⇒ fY(y) = fX(g−1(y))

det
(

Jg(g−1(y)
) = det(Jg−1 (y)) · fX(g−1(y))

with Jg(x) =


∂y1
∂x1

(x) . . . ∂y1
∂xn

(x)
...

...
∂yn
∂x1

(x) . . . ∂yn
∂xn

(x)


Z = X + Y for X and Y independent
⇒ FZ(z) =

∫
∞

−∞
FX(z − y) dFY(y) =

∫
∞

−∞
FY(z − x) dFX(x)

⇒ fZ(z) =
∫
∞

−∞
fX(z − y) fY(y) dy =

∫
∞

−∞
fY(z − x) fX(x) dx

1.6 Transforms

Moment Generating Function (MGF) of a random variable X

gX(r) = E
[
erX

]
=

∫
∞

−∞

erx dFX(x)

If gX(r) exists in a region of real r around 0, then:

∂n gX(r)
∂rn =

∫
∞

−∞

xnerx dFX(x) ;
∂n gX(r)
∂rn

∣∣∣∣∣
r=0
= E [Xn]

S = X1 + X2 + · · · + Xn is a sum of independent random variables, then:

gS(r) = E
[
erS

]
=

n∏
i=1

gXi (r)

Characteristic Function of a random variable X is the inverse Fourier transform of the
density function

E
[
e jω

]
=

∫
∞

−∞

e jω dFX(x)

1.7 Basic Inequalities

Markov inequality (is typically very weak)

Pr(Y ≥ y) ≤
E [Y]

y

Chebyshev inequality

Pr(|Z − E [Z]| ≥ ε) =
σ2

Z

ε2

Exponential bound or Chernoff bound. Can be optimized over r to get the strongest
bounds

Pr(Z ≥ a) ≤ gZ(r) exp(−ra) for r ≥ 0
Pr(Z ≤ a) ≤ gZ(r) exp(−ra) for r ≤ 0
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1.8 Complex Random Variables

Expectation E [C] = E [<(C)] + iE [=(C)] and E
[
|C|2

]
= E

[
(<(C))2] + E

[
(=(C))2]

Variance Var(C) = E
[
|C − E [C]|2

]
= E

[
|C|2

]
− |E [C]|2

1.9 Table of Standard Random Variables

Name Density Mean Variance MGF
Exponential λ exp(−λx); x ≥ 0 1

λ
1
λ2

λ
λ−r

Rayleigh x
σ2 exp

(
−

x2

2σ2

)
σ π2

4−π
2 σ

2

Erlang λnxn−1 exp(−λx)
(n−1)! ; x ≥ 0 n

λ
n
λ2

(
λ
λ−r

)n

Gaussian 1
σ
√

2π
exp

(
−(x−a)2

2σ2

)
a σ2 exp(ra + r2σ2/2)

Uniform 1
a ; 0 ≤ x ≤ a a

2
a2

12
exp(ra)−1

ra

Name PMF Mean Variance MGF
Bernoulli PrN(0) = 1 − p; PrN(1) = p p p(1 − p) 1 − p + per

Binomial k!
n!(k−n)! p

n(1 − p)k−n; 0 ≤ k ≤ n kp kp(1 − p) (1 − p + per)k

Geometric (1 − p)pn; n ≥ 0 p
1−p

p
(1−p)2

1−p
1−per

Poisson λn exp(−λ)
n! ; n ≥ 0 λ λ exp[λ(er

− 1)]

Table 1: Table of Standard Random Variables

2 The Inner Product – a First Glimpse

2.1 The Inner Product〈
g, h

〉
=

∫
∞

−∞
g(t)h∗(t) dt inner Product

=
∫
∞

−∞
<

(
g(t)h∗(t)

)
dt + i

∫
∞

−∞
=

(
g(t)h∗(t)

)
dt∥∥∥g

∥∥∥2
=

〈
g, g

〉
=

∫
∞

−∞

∣∣∣g(t)
∣∣∣2 dt energy of a complex signal

Properties of the inner product, valid if all functions are of finite energy.〈
g, h

〉
=

〈
h, g

〉∗〈
αg, h

〉
= α

〈
g, h

〉〈
g, αh

〉
= α∗

〈
g, h

〉〈
g1 + g2, h

〉
=

〈
g1, h

〉
+

〈
g2, h

〉

2.2 Integrating a Complex Signal∫
g(t) dt =

∫
<(g(t)) dt + i

∫
=(g(t)) dt∫

g∗(t) dt =
(∫

g(t) dt
)∗

<

(∫
g(t) dt

)
=

∫
<(g(t)) dt

=

(∫
g(t) dt

)
=

∫
=(g(t)) dt∫ ∣∣∣g(t)h(t)

∣∣∣ dt =
∫ ∣∣∣g(t)

∣∣∣ · |h(t)| dt∣∣∣∫ g(t)h(t) dt
∣∣∣ ≤

∫ ∣∣∣g(t)h(t)
∣∣∣ dt

Integrable g(·) is called integrable iff∫
∞

−∞

∣∣∣g(t)
∣∣∣ dt ≤ ∞

2.3 The Cauchy-Schwarz Inequality

For
∥∥∥g

∥∥∥ , ‖h‖ < ∞:

∣∣∣〈g, h
〉∣∣∣ ≤ ∥∥∥g

∥∥∥ · ‖h‖
Equality holds for two functions that areL2 indistinguishable from a scaled version of each

other: g = α · h

3 Convolutions and Filters

3.1 The Definition of the Convolution

(x ? h)(t) =
∫
∞

−∞

x(τ)h(t − τ) dτ

If x and h are both of finite energy and if one of them is also integrable, then x ? h is a finite
energy signal.

Properties of the Convolution

x ? h = h ? x x, h ∈ L1(R)
(x ? g) ? h = x ? (g ? h) x, g, h ∈ L1(R)
x ? (g + h) = x ? g + x ? h x, g, h ∈ L1(R)

x ? (αg + βh) = α(x ? g) + β(x ? h) x, g, h ∈ L1(R)

Graphic Convolution of g(t) = f ? h
1. Mirror h(t)→ h(−t)
2. Shift h(−t) from t = −∞ to t = ∞
3. The value of ( f ? h) at position t is the multiplication of the areas of f (·) and h(· − t).
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3.2 Filter

Stable Filter (BIBO) The impulse response h of the filter is integrable.
Causal Filter h(t) = 0 for t < 0.

3.3 The Matched Filter

Matched Filter for the complex waveform g(·) is

ǧ∗(t) = g∗(−t)

Inner Product via Matched Filtering between the energy limited functions u and v.

〈u, v〉 = (u ? v̌)(0)∫
∞

−∞

u(t)v∗(t − t0) dt = (u ? v̌)(t0)

3.4 The Unit-Gain Ideal Low-Pass Filter

LPFWc (t) =

{
2Wc

sin(2πWct)
2πWct if t , 0

2Wc if t = 0
= 2Wc · sinc(2Wct)

sinc(ξ) =

{ sin(πξ)
πξ if ξ , 0

1 if ξ = 0
ξ ∈ R

L̂PFWc ( f ) = I
{∣∣∣ f ∣∣∣ ≤W

}
x ? LPFW ? LPFW = x ? LPFW

x ? LPFW =

∫ W

−W
x̂( f )ei2π f t d f

• The impulse response is not an integrable function and thus not stable.
• The impulse response is however of finite energy.

3.5 The Unit-Gain Ideal Band-Pass Filter

Of bandwidth W around the carrier frequency fc, where fc > W/2 > 0.

BPFW, fc (t) = 2W · cos(2π fct) · sinc(Wt)
= 2<

(
LPFW(t)ei2π fct

)
B̂PFW, fc ( f ) = I

{∣∣∣∣∣∣ f ∣∣∣ − fc

∣∣∣ ≤W/2
}

This filter is too non-stable and non-causal.

3.6 Mathematical Notes on Lp(R)

g(t) is in Lp(R), iff∫
∞

−∞

∣∣∣g(t)
∣∣∣p dt < ∞ ⇒

∥∥∥g(t)
∥∥∥

p
=

(∫
∞

−∞

∣∣∣g(t)
∣∣∣p dt

)1/p

g(t) is in L∞(R), iff there exists a constantM such that
∣∣∣g(t)

∣∣∣ ≤ M ∀t ∈ R.
For h ∈ L1(R) and x ∈ Lp(R):

‖h ? x‖p ≤ ‖h‖1 ·
∥∥∥g

∥∥∥
p

4 The Frequency Response of Filters and Bandlimited Signals

4.1 Review of the Fourier Transform

Fourier Transform

x̂( f ) =
∫
∞

−∞

x(t)e−i2π f t dt

Inverse Fourier Transform

x(t) =
∫
∞

−∞

x̂( f )ei2π f t d f

Parseval’s Theorem If the signals x and y are of finite energy, then〈
x, y

〉
=

〈
x̂, ŷ

〉
‖x‖ = ‖x̂‖∫

∞

−∞
|x(t)|2 dt =

∫
∞

−∞
|x̂(t)|2 dt

Properties of the Fourier Transform (see table 2)
• Symmetries:

x̂(− f ) = x̂∗( f ) ⇐⇒ x is a real signal
x̂ is conjugate symmetric

x̂(− f ) = −x̂∗( f ) ⇐⇒ x is a imaginary signal
x̂ is conjugate anti-symmetric

• ˆ̂x = x̌ Therefore if ξ(−t) = −ξ(t) ∀t and ξ̂(·) = η(·), then η̂(·) = ξ(·).
• If two integrable functions have the same Fourier Transform, then they are indistinguish-

able.
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Property x x̂
linearity αx + βy αx̂ + βŷ
time shifting x(t − t0) ei2π f t0 x̂( f )
frequency shifting ei2π f0tx(t) x̂( f − f0)
conjugation x∗(t) x̂∗(− f )
scaling x(αt) 1

|α| x̂
(

f
α

)
convolution in time x ? y x̂( f )ŷ( f )
multiplication in time x(t)y(t) x̂ ? ŷ
real part <(x(t)) 1

2 x̂( f ) + 1
2 x̂∗( f )

1
2

(
x(t) + x∗(−t)

)
<(x̂( f )

imaginary part =(x(t)) 1
2 ix̂( f ) + 1

2 x̂∗(− f )
1
2

(
x(t) − x∗(−t)

)
i=(x̂( f ))

derivative in time dnx(t)
dtn (2πi f )nx̂( f )

multiplication by t tx(t) i 1
2π

d
d f x̂( f )

cosine cos(2π f0t) 1
2

(
δ( f + f0) + δ( f − f0)

)
sine sin(2π f0t) 1

2 i
(
δ( f + f0) − δ( f − f0)

)
Table 2: Properties of the Fourier Transform

Figure 1: Normalized sinc(ξ) = sin(ξπ)
ξπ

4.2 On Brickwalls and Sincs

δ · sinc(αt) and β · I
{∣∣∣ f ∣∣∣ ≤ γ}

are Fourier pairs, iff
δ = 2γβ
α = 2γ

or
β = δ

α
γ = α

2

One can derive it from the Inverse Fourier Transform of the Brickwall function.

4.3 The Frequency Response of a Filter

x and h → x ? h
both integrable → integrable
one integrable
other of finite energy

→ of finite energy

x̂ ? y( f ) = x̂( f ) · ŷ( f )

Frequency Response is the Fourier Transform of the Impulse Response. If the Impulse
Response is either integrable or of finite energy.

4.4 Low Pass Filtering and Bandlimited Signals

4.4.1 Energy-Limited Signals

Energy Limited Bandlimited Signals x(·) ∈ L2(R) is bandlimited to W Hz iff
(a) "‘x(·) is unaltered by the LPFw:"’

(x ? LPFW)(t) = x(t), t ∈ R ⇐⇒ x(t) =
∫ W

−W
x̂( f )ei2π f t d f

(b) Equivalent definition for bandlimited functions in L2(R):
If x ∈ L2(R) is bandlimited to W Hz then it can be expressed in the form

x(t) =
∫ W

−W
g( f )ei2π f t d f

where g satisfies ∫ W

−W

∣∣∣g( f )
∣∣∣2 d f < ∞

and
g(·) = x̂(·)

Bandwidth in the baseband of an energy-limited signal x is the smallest frequency W to
which x is bandlimited.

If x ∈ L2(R) is bandlimited to W Hz then x is a continuous function and all it’s energy is
contained in the frequency interval:∫

∞

−∞

∣∣∣x̂( f )
∣∣∣2 d f =

∫ W

−W

∣∣∣x̂( f )
∣∣∣2 d f
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y = x ? LPFW :
1.

∥∥∥y
∥∥∥

2
≤ ‖x‖2

2. ŷ is indistinguishable from x̂ · I
{∣∣∣ f ∣∣∣ ≤W

}
3. All of y energy is contained in the frequency interval.
4. The Inverse Fourier Transform formula is valid for y at every time instance.

4.5 The Bandwidth of a Product of two Signals

Let the finite energy signals x1 and x2 be bandlimited to W1 Hz and W2 Hz respectively. Then
the product signal x1(t)x2(t) is of finite energy and bandlimited to W1 +W2 Hz.

5 Passband Signals and their Representation

5.1 The Passband Signal

Passband Signal A signal x in L2(R) or in L1(R) is bandlimited to W Hz around the
carrier frequency fc > W

2 > 0

x(t) = (x ? BPFw, fc )(t), t ∈ R

⇐⇒ x̂( f ) = 0, ∀
∣∣∣∣∣∣ f ∣∣∣ − fc

∣∣∣ ≤W/2

Multiplication by a carrier doubles the bandwidth Given a baseband signal x with band-
width W Hz

y(t) = x(t) cos(2π fct) =⇒ ŷ( f ) =
1
2

(
x̂( f − fc) + x̂( f + fc)

)
y has bandwidth 2W.

5.2 The Analytic Signal

x̂A( f ) =
{

x̂PB( f ) for f ≥ 0
0 for f < 0

Properties
• ‖xA‖

2 = 1
2 ‖xPB‖

2

• x̂PB( f ) = x̂A( f ) + x̂∗A(− f )
xPB = 2<(xA(t))

• We look at real passband signals only. xA is complex.

5.3 The Baseband Representation

Baseband Representation of a real xPB which is bandlimited to W Hz around fc

xBB =
(
e−i2π fctxPB(t)

)
? LPFWc

= xI(t) + i xQ(t)
xI(t) =<(xBB(t)) =

(
xPB(t) cos(2π fct)

)
? LPFWc In-Phase Component

xQ(t) = =(xBB(t)) = −
(
xPB(t) sin(2π fct)

)
? LPFWc Quadrature Component

xBB is bandlimited to W/2 Hz.

Properties of xBB

• ‖xBB‖
2 = ‖xA‖

2 = 1
2 ‖xPB‖

2

• x̂PB( f ) = x̂BB( f − fc) + x̂∗BB(− f − fc)
• time-domain relationship

xPB(t) = 2<
(
xBB(t)ei2π fct

)
= 2<(xA(t))
= xi(t) cos(2π fct) − xQ(t) sin(2π fct)

• inner products 〈
xPB, yPB

〉
= 2<

( 〈
xBB, yBB

〉 )
= 2<

( 〈
x̂BB, ŷBB

〉 )
• Filtering x ∈ L2(R) (W, fc) with an integrable filter h.

(x ? h)BB = xBB ? h′BB

h′ = h ? BPFW, fc

h′BB(t) =
(
e−i2π fcth′(t)

)
? LPFW/2

̂(x ? h)BB( f ) = x̂BB( f ) · ĥ′BB( f )

ĥ′BB( f ) = ĥ( f + fc) · I
{∣∣∣ f ∣∣∣ ≤W/2

}
• Low Pass Filter

LPFW ? LPFW = LPFW

• The cutoff frequency Wc of the LPF has to satisfy W/2 ≤Wc ≤ 2 fc −W/2

5.4 Miscellaneous Results

• If the Fourier Transform of x(·) is zero for
∣∣∣ f ∣∣∣ > W∫

∞

−∞

x(t)e−i2π f t dt = 0,
∣∣∣ f ∣∣∣ > W∫

∞

−∞

x(t) cos(2π fct) dt = 0,
∣∣∣ fc

∣∣∣ > W∫
∞

−∞

x(t) sin(2π fct) dt = 0,
∣∣∣ fc

∣∣∣ > W

• If the Fourier Transform of ξ(·) is zero for
∣∣∣ f ∣∣∣ > W, and fc > W/2∫

∞

−∞

ξ(t) cos 2(2π fct) dt =
1
2

∫
∞

−∞

ξ(t) dt∫
∞

−∞

ξ(t) cos(2π fct) sin(2π fct) dt = 0

6 Energy Limited Signals and the Sampling Theorem

6.1 Energy Limited Signals

‖u‖2 =
∫
∞

−∞

|u(t)|2 dt energy in u
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Triangle Inequality
‖u + v‖ ≤ ‖u‖ + ‖v‖

Equality holds for orthogonal signals: 〈u, v〉 = 0.

6.2 The Geometry of L2(R)

Orthogonality u and v are orthogonal, if∫
∞

−∞

u(t)v∗(t) dt = 0

Inner Product of u and v

〈u, h〉 =
∫
∞

−∞

u(t)v∗(t) dt

Properties:
• 〈u, v〉 = 〈v,u〉∗
•

〈
αu + βv,w

〉
= α 〈u,w〉 + β 〈v,w〉

•
〈
u, αv + βw

〉
= α∗ 〈u, v〉 + β∗ 〈u,w〉

• ‖u‖2 = 〈u,u〉
• |〈v,u〉| ≤ ‖v‖ + ‖u‖

Projection the function w is the projection of v ∈ L2(R) onto the function u ∈ L2(R) if:
(a) w ≡ αu for some α ∈ C
(b) v − w is orthonormal to u

‖v − w‖ = min
β∈C

∥∥∥v − βu
∥∥∥ = 0

α =
〈v,u〉
‖u‖2

6.3 Finite-Dimensional Linear Sub-Spaces

6.3.1 Linear Sub-Spaces

Linear Sub-Space consists of set of functions in L2(R) with:
(a) u ∈ U ⇒ αu ∈ U ∀α ∈ C

especially 0 ∈ U and −u ∈ U
(b) u, v ∈ U ⇒ u + v ∈ U

Span u1, . . . ,un ∈ U ofU

u ≡
n∑

l=1

αlul ∀u ∈ U

U = span{u1, . . . ,un}

Linearly Independent u1, . . . ,un are linearly independent, if either holds:
(a) None of the functions can be written as a linear combination of the others:

ul ≡

∑
l′,l

βl′ul′

(b)
n∑

l=1

αlul ≡ 0 ⇐⇒ αi = 0

Basis u1, . . . ,un of a linear sub-spaceU. ui are linearly independent and spanU.
Dimension of a subspaceU is d, if there exist d functions that form a basis forU.

6.3.2 Orthonormal Bases

Definitions
Orthonormal A set of n functions φ1, . . . , φn is said to be orthonormal, if〈

φl, φl′
〉
=

{
0 if l , l′

1 if l = l′

orthonormal⇒ linearly independent
Orthonormal Basis φ1, . . . , φn is a set of orthonormal functions, which spans a sub-

spaceU.
u ≡

∑d
l=1

〈
u, φl

〉
︸ ︷︷ ︸

αl

φl u ∈ U

‖u‖2 =
∑d

l=1

∣∣∣∣〈u, φl

〉∣∣∣∣2
‖v‖2 ≥

∑d
l=1

∣∣∣∣〈v, φl

〉∣∣∣∣2 v ∈ L2(R)

〈v,u〉 =
∑d

l=1

〈
v, φl

〉 〈
u, φl

〉∗
u, v ∈ U

Gram-Schmidt Procedure is used to produce an orthonormal basis φ1, . . . , φn ofU from
any basis u1, . . . ,un with

span{u1, . . . ,un} = span{φ1, . . . , φn} =U

1. φ1 =
u1

‖u1‖

2. u⊥m+1 = um+1 −
∑m

l=1

〈
um+1, φl

〉
φl

3. φm+1 =
u⊥m+1∥∥∥u⊥m+1

∥∥∥
6.3.3 Projections

Definition w is the projection of v ontoU if
(a) w ∈ U and
(b) 〈v − w,u〉 = 0, u ∈ U

w ≡
d∑

l=1

〈
v, φl

〉
φl
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6.4 Infinite-Dimensional Linear Sub-Spaces

6.4.1 Complete Orthonormal Subspace

Complete or Closed The spaceL2(R) is complete in the following sense: Every Cauchy
Sequence in L2(R) converges to some function in L2(R). For closed sub-spaces, pro-
jection is well defined. (See Script p. 111)

Complete Orthonormal System (CONS) An orthonormal sequence of functions {φl} in
U is said to be a CONS for U if the following equivalent conditions hold:
(a) Projection: Every u ∈ U can be arbitrarily well approximated. For every ε > 0 ∃ no

with ∥∥∥∥∥∥∥u −
n∑

l=1

αlφl

∥∥∥∥∥∥∥
2

< ε ∀u ∈ U,n > no, αl =
〈
u, φl

〉
(b) Inner Product for any v ∈ L2(R) and u ∈ U

〈u, v〉 = lim
n→∞

n∑
l=1

〈
u, φl

〉 〈
v, φl

〉∗
(c) The Norm of any u ∈ U

‖u‖2 = lim
n→∞

n∑
l=1

∣∣∣∣〈u, φl

〉∣∣∣∣2
6.4.2 Examples

• The set of all L2(R) functions that have zero energy outside some interval [−α, α]

L2([−α, α]) ,
{

u :
∫
∞

−∞

|u(t)|2 dt =
∫ α

−α

|u(t)|2 dt
}

• Functions of compact support

Lcs(R) ,
{

u ∈ L2(R) :
∫
∞

−∞

|u(t)|2 dt =
∫ α(u)

−α(u)
|u(t)|2 dt

}
• The set of all functions of the form p(t)e−|t|, where p(t) is any polynomial.
• The Fourier Series: A CONS for all energy limited functions, that vanish outside the

interval [−W,W)

φl(α) =
1
√

2W
eiπlα/W I {−W ≤ α < W}

6.4.3 Projections onto Infinite-Dimensional Sub-Spaces

Let U be a closed linear sub-space of L2(R), and let v ∈ L2(R) be arbitrary. There exists
some function w ∈ U, called the projection of v ontoU such that

(a) v − w is orthogonal to any function inU
(b) ‖v − w‖ ≤ ‖v − u‖ , ∀u ∈ U

w =
∞∑

l=0

〈
v, φl

〉
φl

6.4.4 The Sampling Theorem

CONS for to W HZ bandlimited functions:

φ̂l =
√

Tei2πl f T ? LPFW T =
1

2W

φl =
1
√

T
sinc

( t
T
+ l

)
Let u be a energy-limited signal of bandwidth W Hz. Then

(a) u can be reconstructed from samples taken T = 1
2W seconds apart.

lim
n→∞

∥∥∥∥∥∥∥u −
n∑

l=−n

u(−lT)sinc
( t

T
+ l

)∥∥∥∥∥∥∥ = 0

(b) The energy of u is

‖u‖2 = T
∞∑

l=−∞

|u(lT)|2

(c) If v is an arbitrary energy-limited signal, and ṽ is the result of passing v through LPFW

〈v,u〉 =
∫
∞

−∞

v(t)u∗(t) dt = T
∞∑

l=−∞

ṽ(lT)u∗(lT)

7 Sampling Passband Signals

Instead of sampling a passband signal at 1
T with − fc + k 1

T < [ fc − W, fc + W], we take the
complex samples of the baseband signal.

xBB =
(
e−i2π fctxPB(t)

)
? LPFWc

W
2 ≤Wc ≤ 2 fc −

W
2

<(xBB(t)) =
(
xPB(t) cos(2π fct)

)
? LPFWc

Im(xBB(t)) = −
(
xPB(t) sin(2π fct)

)
? LPFWc

=⇒ xBB(t) =
∑
∞

−∞
xBB(l/W)sinc(Wt − l) reconstruction of xBB

xBB can be reconstructed from the samples taken once every 1/W seconds.
• Reconstruction: xPB can be reconstructed from its baseband samples

xPB(t) = 2<
(
xbb(t)ei2π fct

)
• Energy : ‖xBB‖

2 = 2
W

∑
∞

−∞
|xBB(l/W)|2

• Inner Product :
〈
xPB, yPB

〉
= 2

W<
(∑
∞

−∞
xBB

(
l

W

)
y∗BB

(
l

W

))
8 Mapping Bits to Waveforms

Modulator The role of a modulator in a digital communication system is to map the data
bits into a signal that is then fed into the channel.
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8.1 From Bits to Real Numbers

{D j} incoming data bits
{Xl} sequence of real numbers
Encoding mapping ϕ

ϕ : {0, 1}k → Rn

ϕ : (d1, . . . , dk) 7→ (x1, . . . , xn)

Rate k
n

Example "‘two bits per real symbol"’ Data bits are broken into pairs:
. . . , (D−2,D−1), (D0,D1), (D2,D3), . . .

(D2 j,D2 j+1) 7→


+3 if D2 j = D2 j+1 = 0
+1 if D2 j = 0 and D2 j+1 = 1
−3 if D2 j = D2 j+1 = 1
−1 if D2 j = 1 and D2 j+1 = 0

Example "‘one-half bit per real symbol"’

D j 7→

{
(+1,+1) if D j = 0
(−1,−1) if D j = 1

8.2 From Real Numbers to Waveforms through Linear Modulation

Linear Modulation Modulate k data bits {D j}
k
j=1, map these to n real numbers {X j}

n
j=1 and

transmit the waveform

X(t) = A
n∑

l=1

Xl gl(t)

• Energy: ‖X‖2 = A2 ∑n
l=1

∑n
l′=1 XlXl′

〈
gl, gl′

〉
or for orthonormal {gl}: ‖X‖2 = A2 ∑n

l=1 X2
l

Theorem Any linear modulator X(t) = A
∑n

l=1 Xl gl(t) is equivalent to a linear modulator

X(t) = A
∑n′

l=1 X′lφl(t) for some orthonormal functions {φl}.

8.3 Recovering the Signal Coefficients with Matched Filters

• For some orthonormal {φl}.

Xl =
1
A

〈
X, φl

〉
l = 1, . . . ,n

=
1
A

(X ? φ̌∗l )(0) Matched Filter

• If they are time shifts of each other: φl = φ(t − lTs), 1 ≤ l ≤ n

X(t) = A
n∑

l=1

Xlφ(t − lTs)

Xl =
1
A

(X ? φ̌∗l )(lTs)

9 The Nyquist Criterion

9.1 The Auto-correlation Function of a Deterministic Signal

Auto-correlation Rvv(τ) of a deterministic energy-limited signal v is

Rvv(τ) = ‖v‖2 =
∫
∞

−∞

v(t + τ)v∗(t) dt, t ∈ R

Properties of Rvv
Value at zero: Rvv(0) =

∫
∞

−∞
|v(t)|2 dt

Maximum at zero: |Rvv(τ)| ≤ Rvv(0)
Conjugate symmetry : Rvv(−τ) = R∗vv(τ)
Integral representation: Rvv(τ) =

∫
∞

−∞

∣∣∣v̂( f )
∣∣∣2 ei2π fτ d f

R̂vv( f ) =
∣∣∣v̂( f )

∣∣∣2
Uniform Continuity : Rvv(·) is uniformly continuous
Convolution Representation: Rvv(τ) = (v ∗ v̌∗)(τ)

Self-similarity same as Auto-correlation
Shift-Orthogonality and Auto-Similarity∫

∞

−∞

φ(t − lTs)φ∗(t − l′Ts) dt = I {l = l′} ⇐⇒ Rφφ(lTs) = I {l = 0}

9.2 The Nyquist Criterion

Nyquist Pulse v : R 7→ C is a Nyquist Pulse of parameter Ts > 0 iff either
(a) Condition in time domain:

v(lTs) = I {l = 0}

(b) Nyquist Criterion: condition in frequency domain

1
Ts

∞∑
j=−∞

v̂
(

f +
j

Ts

)
= 1

Shift-Orthogonal Pulses
The complex functions φ(t − lTs) are orthonormal

(
Rφφ(mTs) = I {m = 0}

)
iff

1
Ts

∞∑
j=−∞

∣∣∣∣∣∣φ̂
(

f +
j

Ts

)∣∣∣∣∣∣
2

= 1

Minimum Bandwidth of Shift-Orthogonal Pulses
If a function φ and its time shifts by non-zero integer multiples of Ts are orthonormal, then the
bandwidth W of φ cannot be smaller than 1/(2Ts)

W ≥
1

2Ts
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• Equality is achieved by any pulse φ for which∣∣∣φ̂( f )
∣∣∣ = √

Ts · I
{∣∣∣ f ∣∣∣ < 1

2Ts

}
, f ∈ R "‘Brickwall in f"’

• In particular by the sinc(·) pulse

φ(t) =
1
√

Ts
sinc

( t
Ts

)
, t ∈ R

Excess Bandwidth
Excess Bandwidth of a signal φ

100% ·
(

bandwidth of φ
1/(2Ts)

− 1
)

Band-edge symmetry
A real signal φ of excess bandwidth smaller than 100% and its time shifts are orthornomal iff∣∣∣∣∣φ̂ ( 1

2Ts
− f

)∣∣∣∣∣2 + ∣∣∣∣∣φ̂ ( 1
2Ts
+ f

)∣∣∣∣∣2 = Ts, 0 ≤ f ≤
1

2Ts

Raised Cosine Spectra

φ̂( f ) =


√

Ts if 0 ≤
∣∣∣ f ∣∣∣ ≤ 1−β

2Ts√
Ts
2

√
1 + cos

(
πTs
β

(∣∣∣ f ∣∣∣ − 1−β
2Ts

))
if 1−β

2Ts
≤

∣∣∣ f ∣∣∣ ≤ 1+β
2Ts

0 if
∣∣∣ f ∣∣∣ > 1+β

2Ts

φ(t) =
2β

π
√

Ts

cos
(
(1 + β)π t

Ts

)
+

sin
(
(1−β)π t

Ts

)
4β t

Ts

1 −
(
4β t

Ts

)2 , t ∈ R

Roll-Off Factor β corresponds to the excess bandwidth 100% · β

9.2.1 Nyquist Criterion for Passband Signals

The Nyquist Criterion still holds in the case of passband functions.

W = 1/(2Ts) can be achieved if
(a)

∣∣∣φ̂( f )
∣∣∣ = √TsI

{
fc −

1
4Ts
≤

∣∣∣ f ∣∣∣ ≤ fc +
1

4Ts

}
(b) 4Ts fc is odd

Baseband functions
• If we take a baseband Nyquist Pulse with bandwidth W/2 and baud 2Ts and multiply it by√

2 cos(2π fct) then we obtain a passband Nyquist Pulse with bandwidth W and baud Ts

if 4Ts fc is odd.

10 Energy and Power in PAM Signaling

10.1 PAM Signaling

IID independently and identically distributed
PAM signal generated from k iid random data bits {Di} taking the values {0, 1} equiproba-

bly, which are mapped by the encoder to n real symbols {Xi}

X(t) = A
n∑

l=1

Xl g(t − lTs)

Baud Ts symbol-length

10.2 Energy in PAM Signaling

Expected Energy is

E = E
[∫

∞

−∞

X2(t) dt
]

= A2E


∫
∞

−∞

 n∑
l=1

Xl g(t − lTs)


2

dt


Energy per bit is Eb

[
energy

bit

]
= E

k

Energy per symbol is Es

[
energy
symbol

]
= E

n

Es = E
[∫ τ+Ts

τ
X2(t) dt

]
= A2

∫ τ+Ts

τ
E
[(∑∞

−∞
Xl g(t − lTs)

)2
]

dt

= A2
∫ τ+Ts

τ

∑
∞

−∞

∑
∞

−∞
E [XlXl′ ] g(t − lTs)g(t − l′Ts) dt

Power is P

[
energy
second

]
= Es

Ts

Expected Energy with different g(·) and Xl

• φ(·) orthonormal

E = A2
n∑

l=1

E
[
X2

l

]
• Xl are zero mean and uncorrelated

E [Xl] = 0, l = 1, . . . ,n zero mean

E [XlXl′ ] =
{

E
[
Xl

2] = σ2
X if l = l′

0 otherwise uncorrelated

E = A2
n∑

l=1

E
[
X2

l

] ∥∥∥g
∥∥∥2

energy

• general case

E = A2
n∑

l=1

n∑
l′=1

E [XlXl′ ] Rgg((l − l′)Ts)

= A2
∫
∞

−∞

n∑
l=1

n∑
l′=1

E [XlXl′ ] ei2π f (l−l′)Ts
∣∣∣ĝ( f )

∣∣∣2 d f
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Special Expectations

E
[{
±

d
2
,±

3d
2
, . . . ,±(2v − 1)

d
2

}]
=

d2

12
(2v + 1)(2v − 1)

10.3 The Power of a PAM Signal

Transmitted Power

P = lim
T→∞

1
2T

E
[∫ T

−T
X2(t) dt

]
Minimize the transmitted power

X′(t) = X(t) − E [X(t)]

Power in PAM
• {Xl} Uncorrelated : {Xl} of zero mean, of variance σ2

X, uncorrelated

P =
1
Ts

A2σ2
X

∥∥∥g
∥∥∥2

• {Xl} Stationary : zero mean, with autocorrelation function E [XlXl+m] = KXX(m)

P =
1
Ts

A2
∞∑

m=−∞

KXX(m)Rgg(mTs)

=
1
Ts

A2
∫
∞

−∞

∞∑
m=−∞

KXX(m)ei2π f mTs
∣∣∣ĝ( f )

∣∣∣2 d f

• Orthonormality : calculation is tricky, see script p 156.

P =
1
Ts

A2 lim
L→∞

1
2L + 1

∞∑
L=−∞

E
[
X2

l

]
• Block Mode: see script p 158.

P =
1

nTs

∫
∞

−∞

E


A

n∑
l=1

Xl g(t − lTs)


2 dt

=
En

nTs
, En =

∫ τ+nTs

τ

E
[
X2(t)

]
dt

11 Power Spectral Density

Power Spectral Density SXX(·) of a stochastic process X for any (nice) filter of impulse
response h and frequency response ĥ the average power at the filter’s output when it is
fed by X is given by

Power in X ? h =
∫
∞

−∞

SXX( f )
∣∣∣ĥ( f )

∣∣∣2 d f

For real stochastic processes X, SXX(·) has to be symmetric.
Generate PSD out of σ( f ): SXX( f ) = 1

2σ( f ) + 1
2σ(− f )

11.1 The PSD of PAM signals

(script p. 173)

Y(t) = (X ? h)(t)

= A
∫
∞

−∞

Xl(g ? h)(t − lTs)

• {Xl} zero mean and uncorrelated

SXX( f ) =
A2σ2

X

Ts

∣∣∣ĝ( f )
∣∣∣2

• {Xl} zero mean and stationary

SXX( f ) =
A2

Ts

∞∑
m=−∞

KXX(m)ei2π f mTs
∣∣∣ĝ( f )

∣∣∣2
• Block Mode:

SXX( f ) =
A2

nTs

n∑
l=1

n∑
l′=2

E [XlXl′ ] ei2π f (l−l′)Ts
∣∣∣ĝ( f )

∣∣∣2
12 Quadrature Amplitude Modulation

PAM QAM

rate Rs

[
real symbols

second

]
Rs
2

[
complex symbols

second

]
baud Ts ≥

1
2W Ts ≥

1
W

bandwidth W ≥ Rs
2 [Hz] W ≥ Rs

2 [Hz] around fc

communicate at 2
[

real dimensions/sec
baseband Hz

]
1
[

complex dimension/sec
passband Hz

]
12.1 A Complex PAM Baseband Representation

Baseband Representation

XBB(t) = A
n∑

l=1

Cl · g(t − lTs)

Rate k
n

[
bits

complex symbol

]
Real Passband Signal

XPB(t) = 2 · <
(
XBB(t)ei2π fct

)
= 2A

n∑
l=1

<(Cl)<
(
g(t − lTs)ei2π fct

)
+ 2A

n∑
l=1

=(Cl)<
(
ig(t − lTs)ei2π fct

)
= 2A

n∑
l=1

<(Cl)g(t − lTs) cos(2π fct) − 2A
n∑

l=1

=(Cl)g(t − lTs) sin(2π fct)
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Bandwidth If the puls shape g is bandlimited to W/2 Hz then the QAM signal will be
bandlimited to W Hz around fc.

Excess Bandwidth

100% ·
(

bandwidth of φ
1/(2Ts)

− 1
)

12.2 Orthogonality Considerations

(script p. 183)
If the baseband puls shape φ satisfies (see Nyquist Criterion p. 10)∫

∞

−∞

φ(t − lTs)φ∗(t − l′Ts) dt = I {l = l′}

⇒ Ts ≥
1

2·(W/2) (script p. 186)
then the passband QAM signal

XPB =
√

2A
n∑

l=1

<(Cl)ψQ,l +
√

2A
n∑

l=1

=(Cl)ψI,l

ψQ,l(t) = 2<
( 1
√

2
φ(t − lTs)︸          ︷︷          ︸
φQ,l,BB

ei2π fct
)

ψI,l(t) = 2<
(
i

1
√

2
φ(t − lTs)︸          ︷︷          ︸
φI,l,BB

ei2π fct
)

12.3 Recovering {Cl} via inner products

<(Cl) =
1
√

2A

〈
XPB, ψQ,l

〉
=(Cl) =

1
√

2A

〈
XPB, ψI,l

〉

Circuit
〈
r, ψQ,l

〉
and

〈
r, ψI,l

〉
for arbitrary r(·)

sPB = r ? BPFW, fc Bandpassfilter

sBB(t) = sPB(t) · e−i2π fct ? LPFWc (t) Baseband Signal

<(sBB(t)) = s(t)cos(2π fct) ? LPFWc (t)
=(sBB(t)) = −s(t)sin(2π fct) ? LPFWc (t)〈

r, ψQ,l

〉
=
√

2
∫
<(sBB(t)) · φ(t − lTs) dt Inner Product in Baseband

〈
r, ψI,l

〉
=
√

2
∫
=(sBB(t)) · φ(t − lTs) dt Inner Product in Baseband

13 Energy, Power and PSD for QAM

13.1 Energy in QAM Signaling - Single Block Transmission

E = E
[∫

∞

−∞

X2(t) dt
]
= 2E

[
‖XBB‖

2
]
= 2E

[∫
∞

−∞

|XBB(t)|2 dt
]

2E
[
‖XBB‖

2
]
= 2 |A|2

n∑
l=1

n∑
l′=1

E
[
ClC∗l′

]
Rgg

(
(l′ − l)Ts

)
= 2 |A|2

∫
∞

−∞

n∑
l=1

n∑
l′=1

E
[
ClC∗l′

]
ei2π f (l′−l)Ts

∣∣∣ĝ( f )
∣∣∣2 d f

• {Cl} of zero mean and uncorrelated

2E
[
‖XBB‖

2
]
= 2 |A|2

∥∥∥g
∥∥∥2

n∑
l=1

E
[
|Cl|

2
]

• time shifts of puls shape g orthonormal

2E
[
‖XBB‖

2
]
= 2 |A|2

n∑
l=1

E
[
|Cl|

2
]

13.2 The Power

• In general

PPB =
EPB

Ts
=

2EBB

Ts

• {Cl} of zero mean an stationary

PPB =
2 |A|2

Ts

∞∑
m=−∞

KCC(m)Rgg(mTs)

=
2 |A|2

Ts

∫
∞

−∞

∞∑
m=−∞

KCC(m)ei2π f mTs
∣∣∣ĝ( f )

∣∣∣2 d f
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• Power in Blockmode

PPB =
2 |A|2

nTs

n∑
l=1

n∑
l′=1

E
[
ClC∗l′

]
Rgg

(
(l′ − l)Ts

)
=

2 |A|2

nTs

∫
∞

−∞

n∑
l=1

n∑
l′=1

E
[
ClC∗l′

]
ei2π f (l′−l)Ts

∣∣∣ĝ( f )
∣∣∣2 d f

13.3 The PSD

XBB ? h′BB = A
∞∑
−∞

Cl · (g ? h′BB)(t − lTs)

where ĥ′BB( f ) = ĥ( f + fc) · I
{∣∣∣ f ∣∣∣ ≤W/2

}
• {Cl} of zero mean an stationary

SXX( f ) =
|A|2

Ts

∞∑
m=−∞

KCC(m)ei2π(| f |− fc)mTs
∣∣∣ĝ(

∣∣∣ f ∣∣∣ − fc)
∣∣∣2

• Block mode

SXX( f ) =
|A|2

nTs

n∑
l=1

n∑
l′=1

E
[
ClC∗l′

]
ei2π(| f |− fc)(l−l′)Ts

∣∣∣ĝ(
∣∣∣ f ∣∣∣ − fc)

∣∣∣2
14 The Univariate Gaussian Distribution

14.1 Standard Gaussian Random Variables

Standard Gaussian W has standard gassing distribution if its density is given by

fW(w) =
1
√

2π
e−

w2
2

Centered Gaussian X = a ·W
Gaussian X = a ·W + b with b = E [X] and a2 = Var(X)

fX(x) =
1

√
2πσ2

e−
(x−µ)2

2σ2

Transform to a standard Gaussian

X ∼ N(µ, σ2) =⇒
X − µ
σ
∼ N(0, 1)

Mathematical Notes
• Integral:

∫
∞

−∞
e−w2/2 dw =

√
2π

• Integral:
√

2
π

∫
∞

−∞
e−2x2 xk dx =

{
0 k odd
1 · 3 · 5 · · · (k − 1) 1

2k k even

• Integral:
∫
∞

−∞
e−αx2

−βx dx = e
β2

4α
√
π
α

14.2 The Q-Function

Maps every α ∈ R to the probability that a standard Gaussian random variable takes on a
value that exceeds α

Q(α) = Pr[W > α] =
1
√

2π

∫
∞

α

e−ξ
2/2 dξ α ∈ R

Probabilities
• FW(w) = Pr[W ≤ w] = 1 − Q(w)
• Pr[a ≤W ≤ b] = Q(a) − Q(b)
• Pr[X > α] = Q

(
α−µ
σ

)
• Q(a) + Q(−a) = 1
• Q(0) = 1

2

• Q(α) = 1
π

∫ π/2

0
e−

α2

2 sin2 θ dθ α ≥ 0

Bounds

1
√

2πα
e−α

2/2
(
1 −

1
α2

)
< Q(α) <

1
√

2πα
e−α

2/2 α > 0

Q(α) <
1
2

e−α
2/2 α ≥ 0

14.3 Characteristics of Gaussians

Characteristic Function ΦX(w) of X

ΦX(w) = E
[
eiwX

]
=

∫
∞

−∞

fX(x)eiwx dx

Properties

• E [Xr] =
Φ

(r)
X (0)
ir , if E [Xr] < ∞

• ΦX(·) ≡ ΦY(·) ⇐⇒ fX(·) ≡ fY(·)
• ΦX+Y(w) = ΦX(w) ·ΦY(w) if X and Y are independent random variables
• X ∼ N(µ, σ2)⇒ ΦX(w) = eiwµ− 1

2 w2σ2

E [Wv] =
{

1 · 3 · · · (v − 1) if v is even
0 if v is odd , W ∼ N(0, 1)

E
[
|W|v

]
=

 1 · 3 · · · (v − 1) if v is even√
2
π · 2

(v−1)/2
·

v−1
2 ! if v is odd

, W ∼ N(0, 1)

Moment Generating Function MX(θ) of a random variable X

MX(θ) = E
[
eθX

]
=

∫
∞

−∞

fX(x)eθx dx

Properties
• X ∼ N(µ, σ2) ⇒ MX(θ) = eθµ−

1
2 θ

2σ2
, θ ∈ R
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The sum of independent Gaussians is a Gaussian
If X ∼ N(µX, σ2

X) and Y ∼ N(µY, σ2
Y) are independent

X + Y ∼ N(µX + µY, σ
2
X + σ

2
Y)

Linear combinations of independent Gaussians are Gaussian
If X1, . . . ,Xn are independent Gaussian random variables, then Y =

∑n
l=1 αlXl is Gaussian

E [Y] =
n∑

l=1

αlE [Xl] , Var(Y) =
n∑

l=1

α2
l Var(Xl)

R2 = X2 + Y2 of two independent Gaussians is Rayleigh
If X,Y ∼ N(0, σ2)

fR2 (t) =
1

2σ2 e−
t

2σ2

The Projection of a Gaussian Random Vector onto a orthonormal Vector is Gaussian
If Z ∼ N(0, σ2) 〈

Z, φ
〉
= Z̃ ∼ N(0, σ2)

15 Binary Hypothesis Testing

15.1 Problem Formulation

Problem
H random variable to guess

Priors π0 = Pr[H = 0] and π1 = Pr[H = 1]
non-degenerate πo, π1 > 0
degenerate either of the priors is 0, guessing is deterministic

Y observation

Optimal guessing rule

φ∗Guess(yops) =
{

0 if Pr[H = 0 | Y = yops] ≥ Pr[H = 1 | Y = yops]
1 otherwise

p∗(error | Y = yops) = min
{
Pr[H = 0 | Y = yops],Pr[H = 1 | Y = yops]

}
p∗(error) = E

[
min

{
Pr[H = 0 | Y],Pr[H = 1 | Y]

}]

15.2 The Joint Law of H and Y

Y is a continuous random variable

fY(y) = π0 fY|H=0(y) + π1 fY|H=1(y) unconditional density of Y

Pr[H = 0 | Y = y] =
π0 fY|H=0(y)

fY(y)
a-posteriori distribution

Pr[H = 1 | Y = y] =
π1 fY|H=1(y)

fY(y)

φ∗Guess(y) =
{

0 if π0 fy|H=0(y) ≥ π1 fY|H=1(y)
1 otherwise optimal guessing rule

Y is a discrete random variable

PY(y) = π0PY|H=0(y) + π1PY|H=1(y) Probability Mass Function

Pr[H = 0 | Y = y] =
π0PY|H=0(y)

PY(y)
a-posteriori distribution

Pr[H = 1 | Y = y] =
π1PY|H=1(y)

PY(y)

φ∗Guess(y) =
{

0 if π0Py|H=0(y) ≥ π1PY|H=1(y)
1 otherwise optimal guessing rule

15.3 The MAP Decision Rule

The Maximum A-Posteriori decision rule

φMAP(yops) =


0 if Pr[H = 0 | Y = yops] > Pr[H = 1 | Y = yops]
1 if Pr[H = 0 | Y = yops] < Pr[H = 1 | Y = yops]
equiprobably {0, 1} if Pr[H = 0 | Y = yops] = Pr[H = 1 | Y = yops]

φMAP(yops) =


0 if π0 fY|H=0(yops) > π1 fY|H=1(yobs)
1 if π0 fY|H=0(yops) < π1 fY|H=1(yobs)
equiprobably {0, 1} if π0 fY|H=0(yops) = π1 fY|H=1(yobs)

Likelihood Ratio Function R(·)

LR(y) =
fY|H=0(y)
fY|H=1(y)

with α/0 = ∞, ∀α > 0 and 0
0 = 1

φMAP(yops) =


0 if LR(yobs) >

π0
π1

1 if LR(yobs) <
π0
π1

equiprobably {0, 1} if LR(yobs) =
π0
π1
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Log Likelihood Ratio Function LLR(·)

LLR(y) = log
fY|H=0(y)
fY|H=1(y)

with logα/0 = ∞, ∀α > 0 and log 0
0 = 0

φMAP(yops) =


0 if LLR(yobs) > log π0

π1

1 if LLR(yobs) < log π0
π1

equiprobably {0, 1} if LLR(yobs) = log π0
π1

Probability of error

p∗(error) =
∫
Y

min
{
π0 fY|H=0(yops), π1 fY|H=1(yobs)

}
dy

15.4 The ML Decision Rule

Is like the MAP rule, except that it ignores the priors.

φML(yops) =


0 if fY|H=0(yops) > fY|H=1(yobs)
1 if fY|H=0(yops) < fY|H=1(yobs)
equiprobably {0, 1} if fY|H=0(yops) = fY|H=1(yobs)

φML(yops) =


0 if LR(yobs) > 1
1 if LR(yobs) < 1
equiprobably {0, 1} if LR(yobs) = 1

φML(yops) =


0 if LLR(yobs) > 0
1 if LLR(yobs) < 0
equiprobably {0, 1} if LLR(yobs) = 0

15.5 Processing of the Observations

Randomized Decision Rule can not outperform the optimal deterministic rule.

Conditionally Independent Random Variables
X and Y are conditionally independent given Z if

PX,Y|Z = PX|Z(x|z) · PY|Z(y|z)

or, equivalently

PX|Y,Z(x|y, z) = PX|Z(x|z)

PY|X,Z(y|x, z) = PY|Z(y|z)

Processing W shall say that Z is the result of processing Y with respect to the random
variable H and write H −◦− Y −◦− Z if, when conditioned on Y, the random variables H and Z
are independent. (Script p. 225)

15.6 The Bhattacharyya Bound

Some Bounds: min{a, b} ≤
√

ab ≤ a+b
2

p∗(error) ≤
1
2

∑ √
PY|H=0(y)PY|H=1(y) =

1
2

∫ √
fY|H=0(y) fY|H=1(y) dy

15.7 Sufficient Statistics

Sufficient Statistics Given: binary hypothesis testing problem of H based on the random
vector Y ∈ Rd, T : Rd

→ Rd′ .
T(Y) forms a sufficient statistic for guessing H based on Y if, Pr[H = 0 | Y = yobs] and
Pr[H = 1 | Y = yobs] can be computed from π0, π1 and T(Y).

Irrelevant Data Z is irrelevant data, if Y is a sufficient statistic for guessing H based on
the pair (Y,Z). (Script p. 139)

The Factorization Theorem
T(Y) forms a sufficient statistic if the conditional densities can be factored in the form

fY|H=0(y) = g0

(
T(y)

)
· h(y)

fY|H=1(y) = g1

(
T(y

)
· h(y)

15.8 Multi-dimensional Binary Hypothesis Testing

Problem

H = 0 :Y( j) = s( j)
0 + Z( j), j = 1, . . . ,J , Z( j)

∼ N(0, σ2)

H = 1 :Y( j) = s( j)
1 + Z( j), j = 1, . . . ,J , Z( j)

∼ N(0, σ2)

Ratios

LR(y) =
fY|H=0(y)
fY|H=1(y)

=

J∏
j=1

e−
(y( j)

−s
( j)
0 )2

2σ2 +
(y( j)

−s
( j)
1 )2

2σ2


LLR(y) =

‖s0 − s1‖

σ2

(〈
y, φ

〉
−

1
2

(〈
s0, φ

〉
+

〈
s1, φ

〉))
φ =

s0 − s1

‖s0 − s1‖

Ỹ =
〈
Y, φ

〉
is a sufficient statistic

p∗(error) = Q
(
‖s0 − s1‖

2σ

)
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16 Multi-Hypothesis Testing

M = {1, . . . ,M} value set

πm = Pr[M = m] priors

16.1 Optimal Guessing

1st approach
• Guess mguess only iff

Pr[M = mguess | Y = yobs] = max
m∈M

{
Pr[M = m | Y = yobs]

}
• Error conditional on yobs

p∗(error | Y = yobs) = 1 −
{
max
m∈M

Pr[M = m | Y = yobs]
}

• Unconditional error

p∗(error) = 1 −
∫

y∈Y

{
max
m∈M

Pr[M = m | Y = yobs]
}

fY(y) dy

2nd approach by partitioning the space of outcomes into M sets D1, . . . ,DM where we
guess m if y ∈ Dm. Guess m only if

πm fY|M=m(y)
fY(y)

= max
m′∈M

{
πm′ fY|M=m′ (y)

fY(y)

}

16.2 Example: 8PSK

Y =
(

Y(1)

Y(2)

)
, Y(1)

∼ N(am, σ
2), Y(2)

∼ N(bm, σ
2)

am = A cos
2πm

8
, bm = A sin

2πm
8

fY(1) ,Y(2) |M=m(y(1), y(2)) =
1

2πσ2 e−
(y(1)

−am )2+(y(2)
−bm )2

2σ2 , m ∈ M

16.2.1 The "‘Nearest Neighbor"’ Decoding Rule

Guess m if ∥∥∥y − sm

∥∥∥ = min
m′∈M

{∥∥∥y − sm′
∥∥∥}

(See script p. 254)

16.2.2 Exact Error Analysis

Steps
1. Split Y up: (Y(1),Y(2)) = (−A, 0) + (Z(1),Z(2)) with Z ∼ N(0, σ2)
2. Find the error region Derror conditional on yobs

3. Find fZ(z)
4.

∫
Derror

fZ(z) dz, change coordinates if needed

16.3 The Union Events Bound

Define for every m′ , m the set Bm,m′

Bm,m′ =
{
y : πm′ fY|M=m′ (y) ≥ πm fY|M=m(y)

}
=

{
y : Pr[M = m′|Y = y] ≥ Pr[M = m|Y = y]

}
p∗(error) ≤

∑
m,m′

∫
Bm,m′

fY|M=m(y) dy

≤

∑
m,m′

Pr[Y ∈ Bm,m′ |M = m] union bound

Hint

pa,b(error) = Q
(

da,b

2σ

)
= Q


√

Ea,b

2σ


17 Gaussian Vectors

Gaussian Random Vector X if X − E [X] is a centered Gaussian.
Centered Gaussian has the same law as AW where A is a n × m Matrix and W is a

vector whose components are IID N(0, 1)

Notation
• a( j,l) or [A] j,l is the Row- j Column-l element
• [A] j,l = [AT]l, j

• (AB)T = BTAT

17.1 Expectations and Covariance Matrix

Expectations

E [X] =


E
[
X(1)

]
...

E
[
X(n)

]


• E [AH] = AE [H] where A is a deterministic and H a random matrix
• E [HB] = E [H] B where B is a deterministic and H a random matrix
• E

[
HT] = E [H]T where H is a random matrix
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Covariance Matrix KXX

KXX = E
[(

X − E [X]
)(

X − E [X]
)T

]

= E




X(1)
− E

[
X(1)

]
...

X(n)
− E

[
X(n)

]

(

X(1)
− E

[
X(1)

]
· · · X(n)

− E
[
X(n)

] )
=


Var(X(1)) Cov[X(1),X(2)] · · · Cov[X(1),X(n)]

Cov[X(1),X(1)] Var(X(2)) · · · Cov[X(2),X(n)]
...

. . .
...

Cov[X(n),X(1)] Cov[X(n),X(2)] · · · Var(X(n))


• KYY = AKXXAT Y = AX
• KXX is positive semi-definite
• KT

XX = KXX symmetry
• KXX singular ⇐⇒ one of the components of X is a linear combination of the others
• Any positive semi-definite matrix is the covariance of some random vector.

17.1.1 Positive Semi-Definite Matrices

Positive Semi-Definite is a real n × n matrix K if

αTKα ≥ 0, ∀α ∈ Rn

iff one of the following equivalent conditions holds:
• K = STS for some n × n matrix S (S = Λ1/2UT)
• All the eigenvalues of K are non-negative
• K = UΛUT where
Λ diagonal, containing the eigenvalues of K
U U satisfies UUT = In, U consists of orthonormal eigenvectors of K

Positive Definite is a real n × n matrix K if

αTKα > 0, ∀α , 0

iff one of the following equivalent conditions holds:
• K = STS for some non-singular n × n matrix S (S = Λ1/2UT)
• All the eigenvalues of K are positive
• K = UΛUT where
Λ diagonal with positive diagonal entries
U U is orthogonal: UUT = In

Orthogonal UUT = UTU = In

Singular not invertible, det A = 0

17.1.2 The Characteristic Function

If X ∈ Rn then ΦX(ω) : Rn
→ C

ΦX(ω) = E
[
eiωTX

]
= e−

1
2ω

TKXXω

=

∫
∞

−∞

· · ·

∫
∞

−∞

fX(x)ei
∑n

l=1 ω
(l)x(l)

dx(1)
· · ·dx(n)

• X and Y have the same distribution if, and only if, they have identical characteristic func-
tions (

X ≡ Y
)
⇐⇒

(
ΦX(ω) = ΦY(ω), ∀ω ∈ Rn

)
• X and Y are independent if, and only if

E
[
ei(ω1X+ω2Y)

]
= E

[
eiω1X

]
· E

[
eiω2Y

]
ω1, ω2 ∈ R

17.2 A Standard Gaussian Vector

fW(w) =
n∏

l=1

 1
√

2π
e−

(w(l))2

2


= (2π)−n/2e−

1
2 ‖w‖

2
, w ∈ Rn

E [W] = 0, KWW = In

ΦW(w) = e−
1
2 ‖w‖

2
, w ∈ Rn

17.3 Real Gaussian Random Vectors

X = AW + b

• It the components of X are independent scalar Gaussians then X is a Gaussian vector.

• If X1 and X2 are independent Gaussian Vectors, then

(
X1

X2

)
is Gaussian.

• If X = AW + b then
E [X] = b and KXX = AAT

• If X is Gaussian
– any subset of its components is Gaussian and
– any permutation of its components is Gaussian.

17.4 The Mean and Covariance Determine the Law of a Gaussian

The mean and covariance or a Gaussian determine its law There is only one multivariate
zero-mean Gaussian distribution of a given covariance matrix.

Accounting for the mean we have that there is only one multivariate Gaussian distribution
of a given mean vector and a given covariance matrix.

The multivariate Gaussian distribution of mean µ and covariance K is denoted byN(µ,K).
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Uncorrelated Cov[X Y] = 0. In general: independent =⇒ uncorrelated

Jointly Gaussian X and Y are jointly Gaussian if

(
X
Y

)
= AW + b is Gaussian. The

density fX,Y(x, y) is of a Gaussian.
For jointly Gaussian vector holds: independent⇐⇒ uncorrelated

Properties of KXX

• If the components of the Gaussian random vector X are uncorrelated so that the matrix
KXX is diagonal, then the components of X are independent.

• If the components of a Gaussian random vector are independent in pairs, then they are
independent.

• If W is a standard Gaussian and U is orthogonal, then UW is also a standard Gaussian
vector.

17.5 A Canonical Representation of a Centered Gaussian

The centered Gaussian X with KXX has the same law as

UΛ1/2W

where
W is a standard Gaussian vector
U consists of the orthogonal eigenvectors of KXX

U rotates the multivariate Gaussian Λ1/2W
Λ is diagonal and the diagonal entries correspond to the eigenvalues of KXX

Λ1/2W =


√
λ1W(1)

...
√
λnW(n)

 the v-th component is N(0, λv) distributed

Let X ∼ N(µ,K) and U,Λ as above:

Λ−1/2UT(X − µ) ∼ N(0, I)

17.6 The Density of a Gaussian Vector

X = UΛ1/2W = BW

fX(x) =
fW(B−1x)
|det(B)|

=
exp

{
−

1
2 (x − µ)TK−1(x − µ)

}
√

(2π)n det(K)
, x ∈ Rn

17.7 Linear Functions of Gaussian Vectors

ωX ∼ N(ωTµX, ω
TKXXω)

17.8 Review of the Multivariate Centered Gaussian Distribution

Multivariate Centered Gaussian See script p. 286.

18 Stochastic Processes

Stochastic Process real valued function of "‘time"’ t and "‘luck"’ ω:

X : R ×Ω→ R

(t, ω) 7→ X(t, ω)

Sample Path stochastic process with a fixed experiment outcome ω

X(·, ω) : R→ R

t 7→ X(t, ω)

Random Variable stochastic process with a fixed time instance t

X(t, ·) : Ω→ R

ω 7→ X(t, ω)

Joint Distribution Function specifies a stochastic process

FX(t1),...,X(tk)(x1, . . . , xk) = Pr[X(t1) ≤ x1, . . . ,X(tk) ≤ xk]

Density fX(t1),...,X(tk)(·) of a stochastic Process

FX(t1),...,X(tk)(x1, . . . , xk) =
∫ x1

−∞

· · ·

∫ xk

−∞

fX(t1),...,X(tk)(ξ1, . . . , ξk) dξ1 . . .dξk

Mean E [X(t)] ,X(t)
Covariance KXX(t,u)

KXX(t,u) = E
[(

X(t) − X(t)
)(

X(u) − X(u)
)]

Properties of Stochastic Processes
Gaussian If for all choices of epochs t1, . . . , tk the set of RV’s X(t1), . . . ,X(tk) is a jointly

Gaussian set of RV’s.
A Gaussian process is completely specified by its mean and covariance function.

Stationary X(·) is stationary if for all sets of epochs t1, . . . , tk and for all shifts τ
FX(t1),...,X(tk)(x1, . . . , xk) = FX(t1+τ),...,X(tk+τ)(x1, . . . , xk)
and if a density exists: fX(t1),...,X(tk)(x1, . . . , xk) = fX(t1+τ),...,X(tk+τ)(x1, . . . , xk)

Wide Sense Stationary if
E [X(t)] is constant for all t
KXX(t,u) is a function of only t − u
stationary =⇒ wide sense stationary
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18.1 Linear Functionals

Y =
∫
∞

−∞

g(t)X(t) dt random variable

E [Y] =
∫
∞

−∞

g(t)E [X(t)] dt mean

Var(Y) =
∫
∞

−∞

∫
∞

−∞

g(t)KXX(t,u)g(u) du dt variance

If g(·) is continuous and non-zero only over a finite interval and if X(·) is stationary with a
continuous covariance function.

If X(·) is Gaussian then Y(·) is also Gaussian.

If X(·) is WSS also see section 18.4 on page 20.

Var(Y) =
∫
∞

−∞

∫
∞

−∞

g(t)KXX(t − u)g(u) du dt =
∫
∞

−∞

g(t)(KXX ? g)(t) dt

Cov[Y,Z] =
∫
∞

−∞

∫
∞

−∞

g(t)KXX(t − u)h(u) du dt, Z =
∫
∞

−∞

h(t)X(t) dt

18.2 Power Spectral Density or Spectrum

Let X(·) be WSS with covariance KXX(·)

SXX( f ) =
∫
∞

−∞

KXX(τ)e−i2π fτ dτ ⇐⇒ SXX( f ) = K̂XX( f )

• KXX(·) and SXX( f ) are real and symmetric
• SXX( f ) ≥ 0, f ∈ R
• If KXX(·) is the inverse Fourier transform of a symmetric, non-negative function, then it is

the covariance of some WSS random process X(·)

18.3 White Gaussian Noise

Let Yi =
∫

W(t)gi(t) dt where W(·) is WGN of intensity N0/2.

Var(Y) =
N0

2

∫
g2

i (t) dt

Cov[Y,Z] =
N0

2

∫
gi(t)g j(t) dt

E
[
YiY j

]
=

N0

2
δi j, {φi(·)} set of orthonormal functions

18.4 WSS Processes in the Frequency Domain

Var(Y) =
∫
∞

−∞

g(t)
(
KXX ? g

)
(t) dt =

∫
∞

−∞

∣∣∣ĝ( f )
∣∣∣2 SXX( f ) d f

Cov[Y,Z] =
∫
∞

−∞

g(t)
(
KXX ? h

)
(t) dt =

∫
∞

−∞

ĝ( f )SXX( f )ĥ∗( f ) d f

18.5 Filtering Stochastic Processes

Y(·, ω) =
∫
∞

−∞

X(τ, ω)h(· − τ) dτ

X(·) zero mean

Y(t) =
∫
∞

−∞

X(τ)h(t − τ) dτ

KYY(t,u) =
∫
∞

−∞

∫
∞

−∞

h(τ)KXX(t − τ,u − σ)h(σ) dτ dσ

KYY(v) =
[
ȟ ? h ? KXX

]
(v), for X(·) WSS

SYY( f ) =
∣∣∣ĥ( f )

∣∣∣2 SXX( f ), for X(·) WSS

19 Detection in Additive White Gaussian Noise

Detection of a discrete random variable M ∈ M = {1, . . . ,M} with priors πm = Pr[M = m] and
observable Y(t) = sm(t) + Z(t) where {sm} are deterministic finite-energy bandlimited to W Hz
signals and Z(·) is WGN with intensity SZZ( f ) = N0/2
S = span({sm}) = span({φm}) where {φm} are orthonormal.

T forms a sufficient statistics The projection of Y onto the linear subspace S spanned by
the signals, forms a sufficient statistics.

T =
( 〈

Y, φ1

〉
, . . . ,

〈
Y, φd

〉 )T
Gaussian vector〈

Y, φl

〉
∼ N

(〈
sm, φl

〉
,

N0

2

)
T̃ =

( 〈
Y, g1

〉
, . . . ,

〈
Y, gd′

〉 )T
where S ⊆ span{g1, . . . , gd′ }

∼ N(µm,K)

µm = E
[
T̃ |M = m

]
=

(〈
sm, g1

〉
, . . . ,

〈
sm, gd′

〉)T

K =
N0

2


〈
g1, g1

〉 〈
g1, g2

〉
· · ·

〈
g1, gd′

〉〈
g2, g1

〉 〈
g2, g2

〉
· · ·

〈
g2, gd′

〉
...

. . .
...〈

gd′ , g1
〉 〈

gd′ , g2
〉
· · ·

〈
gd′ , gd′

〉


You find the proof for the binary antipodal case in the script on page 307.

20 The Front-End Filter

Received signal is Y(t) = sm(t)+N(t) where N(t) is a stationary Gaussian Process of spectrum
SNN(·), and the signals {sm}

M
m=1 are all bandlimited to W Hz.

Then Y ? h with ĥ( f ) = 1, ∀
∣∣∣ f ∣∣∣ ≤ W forms a sufficient statistics. (Proof on page 315 in

the script)
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20.1 Whitening Filter

See in the script on page 317. ∣∣∣ĝ( f )
∣∣∣2 = 1

SNN( f )

21 Discrete Time Hypothesis Testing and Heuristics for Continuous
Time

21.1 Discrete-Time Signals

The signal u has the value u[ j] at time j and duration J.

‖u‖2 =
J∑

j=1

u2[ j] Norm

〈u, v〉 =
J∑

j=1

u[ j] v[ j] Inner Product

(
u|S ∈ S

)
and

(
〈u − u|S, s〉 = 0,∀s ∈ S

)
Projection of u onto S

u|S = 〈u, s1〉 s1 + · · · + 〈u, sm〉 sm

21.2 Discrete-Time Signals Observed in IID N(0, σ2) Noise

Y[ j] = sm[ j] + Z[ j] with priors Pr(M = m) = πm.

fY|M=m(y) =
1

(2πσ2)J/2 e−
‖Y−sm‖2

2σ2

Optimal Decision Rule

m = argmax
{
πm′ fY|M=m′ (y)

}
= argmin

{
‖Y − sm′‖

2

2σ2 + log
1
πm′

}

Sufficient Statistics
S = span{s1, . . . , sM} has dimension d. Y|S is the projection of Y onto S.

(a) Y|S is a sufficient statistic
(b)

〈
Y, φ1

〉
, . . . ,

〈
Y, φd

〉
for orthonormal {φl} form a sufficient statistic

(c) the random variables
〈
Y,g1

〉
, . . . ,

〈
Y,gL

〉
form a sufficient statistic for any L signals

such that {s1, . . . , sM} ⊂ span{g1, . . . , gL}

21.3 The Conditional Law of the Sufficient Statistic

The sufficient statistic
〈
Y, φ1

〉
, . . . ,

〈
Y, φd

〉
for orthonormal {φl} and the more general sufficient

statistic
〈
Y,g1

〉
, . . . ,

〈
Y,gL

〉
where {s1, . . . , sM} ⊂ span{g1, . . . ,gL}.

〈
Y, φl

〉
=

〈
sm, φl

〉
+ σW(l), l = 1, . . . , d W(l)

∼ N(0, 1)〈
Y,gl

〉
=

〈
sm,gl

〉
+ Z̃(l), l = 1, . . . , d

Z̃(l) are jointly Gaussian with covariance matrix KZZ

KZZ = σ
2


〈
g1, g1

〉 〈
g1, g2

〉
· · ·

〈
g1, gL

〉〈
g2, g1

〉 〈
g2, g2

〉
· · ·

〈
g2, gL

〉
...

. . .
...〈

gL, g1
〉 〈

gL, g2
〉
· · ·

〈
gL, gL

〉


21.4 Probability of Error

Pr(error |M = m) ≤
∑

m′,m

Q


√
‖sm − sm′‖

2

4σ2


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Independent, 2, 3
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Linearly, 8
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CONS, 9
Passband Sampling, 9

Integrable, 4
Integration
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Jointly Gaussian, 19
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Linear Sub-Space, 8
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L2(R), 8
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Nyquist Criterion, 10
Nyquist Pulse, 10

Orthogonal
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Parseval’s Theorem, 5
Passband Signal, 7

Sampling, 9
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Power, 11

PAM, 12
PAM Block Mode, 12
QAM, 13

Power Spectral Density, 12
PAM, 12
QAM, 14

Stochastic Process, 12, 20
Probability Density, 3
Probability Model, 2
Processing a RV, 16
Projection, 8

L2(R), 8
U, 8
CONS, 9
Gaussian Random Vector onto φ, 15
Infinite-Dimensional, 9

Pulse Amplitude Modulation, 11
Energy, 11
Power, 12
Power Block Mode, 12
PSD, 12

Quadrature Amplitude Modulation, 12
Baseband Representation, 12
Energy, 13
Passband Signal, 12
Power, 13
PSD, 14

Quadrature Component, 7

Raised Cosine Spectra, 11
Random Variable, 2

Complex, 4
Processing, 16

Rate, 10
Rayleigh Random Variables, 4

Sample Path, 19
Sampling

Passband Signal, 9
Sampling Theorem, 9

Sampling Theorem, 9
Self-similarity, 10
Shift-Orthogonal Pulses, 10
Shift-Orthogonality, 10
Sinc, 6
Singular, 18
Span, 8
Standard Deviation, 3
Stochastic Process, 19

Covariance, 19
Density, 19
Gaussian, 19
Joint Distribution Function, 19
Mean, 19
Power Spectral Density, 20
Sample Path, 19
Spectrum, 20
Stationary, 19
Wide Sense Stationary, 19, 20
Wide Sense Stationary in f , 20

Sub-Space
Linear, 8

Sufficient Statistic
Conditional Law, 21
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Sufficient Statistics, 16

The Factorization Theorem, 16
Triangle Inequality, 8

Uncorrelated, 2, 11, 19
Union Bound, 17

Variance, 3
Complex RV, 4

Vector Random Variable, 2

White Gaussian Noise, 20
Detection, 20

Whitening Filter, 21

Zero Mean, 11
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